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Abstract. In this paper a review on har-
monic wavelets and their fractional generaliza-
tion, within the local fractional calculus, will
be discussed. The main properties of harmonic
wavelets and fractional harmonic wavelets will
be given, by taking into account of their charac-
teristic features in the Fourier domain. It will
be shown that the local fractional derivatives of
fractional wavelets have a very simple expres-
sion thus opening new frontiers in the solution
of fractional differential problems.
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1. Introduction

Harmonic wavelets are some kind of complex
wavelets [1H9] which are analitically defined, in-
finitely differentiable, and band-limited in the
Fourier domain. Although the slow decay in
the space domain, their sharp localization in fre-
quency, is a good property especially for the
analysis of wave evolution problems (see e.g.
[1H3L/10413L15]16125,(32L/33]. In the search for nu-
merical approximation of differential problems,
the main idea is to approximate the unknown so-
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lution by some wavelet series and then by com-
puting the integrals (or derivatives) of the basic
wavelet functions, to convert the starting differ-
ential problem into an algebraic system for the
wavelet, coefficients (see e.g. [26430]).

Wavelets are some special functions (see e.g.
[5195/24]) which depend on two parameters, the
scale parameter (also called refinement, com-
pression, or dilation parameter) and a the local-
ization (translation) parameter. These functions
fulfill the fundamental axioms of multiresolution
analysis so that by a suitable choice of the scale
and translation parameter one is able to easily
and quickly approximate (almost) all functions
(even tabular) with decay to infinity.

Therefore wavelets seems to be the more ex-
pedient, tool for studying differential problems
which are localized (in time or in frequency).

There exists a very large literature devoted to
wavelet solution of partial differential and inte-
gral equations (see e.g. the pioneristic works [10,
13}[251)35]) integral equations (see e.g. |111/2334]
and more general integro-differential equations
and operators (see e.g. [26H30]).

By using the derivatives (or integrals) of the
wavelet basis the PDE equation can be trans-
formed into an infinite dimensional system of or-
dinary differential equations. By fixing the scale
of approximation, the projection correspond to
the choice of a finite set of wavelet spaces, thus
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obtaining the numerical (wavelet) approxima-
tion.

By using the orthogonality of the wavelet ba-
sis and the computation of the inner product of
the basis functions with their derivatives or in-
tegrals (operational matrix, also called connec-
tion coefficients), we can convert the differential
problem into an algebraic system and thus we
can easily derive the wavelet approximate solu-
tion. The approximation depends on the fixed
scale (of approximation) and on the number of
dilated and translated instances of the wavelets.
However, due to their localization property just
a few instances are able to capture the main fea-
ture of the signal, and for this reason it is enough
to compute a few number of wavelet coefficients
to quickly get a quite good approximation of the
solution.

In recent years there has been a fast rising
interest for the fractional differential problems.
Indeed the idea of fractional order derivative
is deeply rooted in the history of mathemat-
ics, since already Cauchy was wondering about
the possible generalization of ordinary differen-
tial operators to fractional order differential op-
erators. The main advantage of fractional or-
der derivative is to have an additional parameter
(the order of derivative) to be use in the analysis
of differential problems. On the other hand the
main drawback for the fractional differential op-
erators is that this derivative is not univocally
defined (see e.g. [19-22] and references therein).
We will not go deeply into this subject, since
we will focus only on a special fractional oper-
ator, the so-called local fractional derivative, as
defined by Yang [12}31136L[37].

The local fractional derivative when applied to
the most popular functions give a natural gener-
alization of known results and fulfills the basica
axioms of the fractional calculus.

In the following after reviewing on the classi-
cal Harmonic wavelet, the fractional harmonic
wavelets will be defined. Moreover their lo-
cal fractional derivatives will be explicitly com-
puted. It will be shown that these frac-
tional derivatives, are some kind of generaliza-
tion already obtained for the so called Shan-
non wavelets [17,[18] and the sinc-derivative
[19,201[22]
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The paper is organized as follows: in sec-
tion 2 some preliminary definitions about har-
monic (complex wavelets) together with their
fractional counterparts are given. The harmonic
wavelet, reconstruction of functions is described
in section 3. In the same section, the har-
monic wavelet representation of the fractional
harmonic functions will be also given. Sec-
tion 4 shows some characteristic features of har-
monic wavelets. In section 5 the basic definitions
and properties of local fractional derivatives are
given and the local fractional derivatives of the
fractional harmonic wavelets will be explicitly
computed.

2. Harmonic (Newland)

Wayvelets

Harmonic wavelets also known as Newland
wavelets [1}/3,5,7,/8] are complex orthonormal
wavelets that are characterized by the sharply
bounded frequency and slow decay in the space
of variable. Like any other wavelet they depend
both on the scale parameter n which define the
degree of refinement, compression, or dilation
and on a second parameter k£ which is related
to the space localization. As we will see, har-
monic wavelets fulfill the fundamental axioms of
multiresolution analysis (see e.g. [24]), but they
also enjoy some more special features especially
in the function approximation.

2.1. Harmonic scaling function

The harmonic scaling function is defined as

that is

o) = SCT) [1 - cos(27rx)}

2rx 2mx
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Fig. 1: Plot of the scaling function in the complex plane
(0<z<4).

there follow the real and imaginary part of the
scaling function

or(e) = Rlp(o)] = T

1 —cos(2mx)

b
2rx

(2)
2mx

Plots of real ¢.(z) and imaginary part |,
vi(x)} of the scaling function in the real plane
are shown in Fig. The parametric plot
{or(x), pi(x)} of the complex scaling function
©(z) is shown in Fig.

It can be easily seen that

lim p,(x) = lim p;(x) =0

Tr—r 00 Tr—r00
and
lim o, (z) =1, lim @i(z) = 0
x—0 x—0
Moreover, since
4 1, n = 2k, keZ
eTr’LTL — (3)
-1, n=2k+1, kecZ
it is, in particular,
90(”) =0, n ez (4)
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Fig. 2: Plot of the scaling function in the complex plane
(0<z<4).

The complex conjugate of the function ¢(x) is
the function
1— 67271'1&

P(z) = (5)

2mix

2.2.  Fractional prolungation of

the scaling function

The scaling function is the power series, with
complex coefficients,

271'1:1: _ o0

27rz

0 k;—l—l

p(r) = (6)

" omiz
Let us slightly modify the harmonic scaling
function by using the Mittag-Leffler function,
instead of the exponential. So that we have

aet Bo(2amiz) — 1

‘pa(x): , (Ogagl)

(7)

2mix

def = l'ak
)= ];) T(ak+1)

the Mittag-Leffler function.

being
(8)

When a = 1, namely we have

p1(z) — o(z)
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while for a = 0, it is
po(z) — 6(x)

where §(z) is the Dirac delta

x#0

z=0

By a direct computation we have the fractional
scaling function

E2moiz | > (27.‘.2)]6
def _ k
Pal@)= 2maix kz:% ol'(k+ o+ 1)30 ’
(0<a<l)
(9)
2.3.  Scaling function in Fourier

domain

The Fourier transform of the scaling function (1)
is defined as

fe) = 5 [

=5 - @(x)e_i“’xdx.

So that, in the frequency domain, i.e. with re-
spect to the variable w the Fourier transform is
a function with a compact support (i.e. with a
bounded frequency)

Blw) = gox(2m + ) (10)

X(w) being the characteristic function defined as

o |1, 27 <w <A4m,
X(w) {O (1)

elsewhere.

The scaling function in Fourier domain is box-
function thus being defined in a sharp domain
with slow decay in frequency.

The Fourier transform of the fractional scaling
function @D can be also computed so that we
have at the first approximation

(12)
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2.4. Harmonic wavelet function

Theorem 1. The harmonic (Newland) wavelet

function is defined as [3,/4,|7, 8/

w( )def e47rirc _ e27riz — ( ) (13)
r)=——=c¢ x
iz i
and its Fourier transform is
~ 1
P(w) = 5-x(w) (14

Proof: Starting from ¢(x) we have to define
a filter and to derive the corresponding wavelet
function (see e.g. [7]). From we have

b () = 5ox(2m+w)x(2n +2)

2 2
= x(2r +w)$(3) (15)
so that, " .
) =H(5)2(3)
with

H (%) = x(27 + w).

In order to have a multiresolution analysis [3,
5,/7,24] the wavelet function must be defined as
(see e.g. [24])

~ w (W
V) =1 (5 +2)5(3)
where the bar stands for complex conjugation.

With the filter H (% - 27r> = x(w) we have

while with H (% T 27r) we obtain

~ 1
w(w)z—x(4ﬂ+w)x(2ﬂ'—|—g):0 Vw
2 2
from where there follows (14).
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By the inverse Fourier transform of we
get

o0 1 . 1 47 .
/ X(w)e“Fdw = — e**dw,

oo 2T T Jor

we get the harmonic wavelet (13).

The real and imaginary parts of are:

(6471'21 _ 627”:0 + 6727711 _ 6747“1‘)

R (Y(x) =

sin4nx

4dmix
sin 27wx

o2rx

2w
4mi 27 —27i
(—6 w1x+ew1x+e T

Az

e—47rix)

cosdmxr  cos22mx

2rx 2rx

In particular, according to (3)), (), it is

sinmTx

()] = le(z)] = , (n) =0,

™

The complex conjugate of the function ()
is the function

—2mix —4mix

€ — €

P(z) = (16)

2mix

2.5.  Fractional prolungation of

the harmonic wavelet

From Egs. , we can define the fractional
prolungation of the harmonic wavelet as

ha(r) = ™04 (z) (17)
and its Fourier transform is
Jalw) = =T b(2aPr—w)  (18)
aw*al"(l—i—a) @
2.6. Dilated and translated

instances

In order to have a family of (harmonic) wavelet
functions we have to define the dilated (com-
pressed) and translated instances of the funda-
mental functions (1), (13)), so that there will be a
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n € 7.

family of functions depending on the scaling pa-
rameter n and on the translation paremater k.
From Egs. (), there immediately follows
(see e.g. [1L[3L7,8]),

Theorem 2. The dilated and translated in-
stances of the harmonic scaling and wavelet

function are

act 2n/2 e2mi 2"z—k) _ 1
2mwi(2nx — k)
4mi(2"r—k) _ e27ri(2"w7k:)

2mi(2nx — k)

or(z)

op () & an2E

(19)
with n, k € Z.

For each function of the wavelet family

L sinw (2"x — k
«» it is [up(o) — |r k)

w(2nx — k)
dim [ ()] = 0.
n,k,z— 00

so that

Let us now compute the Fourier transform of
the parameter depending instances , by us-
ing the properties of the Fourier transform. It
is known that if f(w) is the Fourier transform of
f(z) then

_— 1 .. ~
flax £b) =~ f(w/a) . (20)
a
so that we can easily obtain the dilated and
translated instances of the Fourier transform of

([T9). (see e.g. [3)):

2—n/2 —iw " n
Fp(w) = 2 e o  wf27)
n 277 k) n
Jpw) = 2 X(/2")

(21)

3. Multiscale harmonic
wavelet reconstruction

of functions

In this section we give the inner product space
structure to the family of harmonic wavelets
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(19) and the harmonic wavelet reconstruction of
functions.

3.1. Hilbert space structure

Let f(z), g(z) be given two complex functions,
the inner (or scalar or dot) product, of these
functions is

oo

(f.g) / f (@) g @)dx

Pars on / F(w)gW)dw =21 <A,:f]\>>
- (22)

where we have used the Parseval identity for the
equivalent inner product in the Fourier domain.

With respect to the family of the fundamental
functions (|19), it can be shown that

Theorem 3. Harmonic wavelets are orthonor-

mal functions, such that
(g (@), g () = 6" Opk, (23)

where 0™ (6ni) is the Kronecker symbol.

Proof: 1t is (for an alternative proof see also

7))
Wk (x), ¢5" ()
9-n

:27r/ 2
2T

— 00

x e@h/2" \ (w/2™)dw

o (n+m)/2

— o / e—iwk/2nx(w/2n)

—00

x e@h/27 \ (w/2™)dw
which is zero for n # m. For n = m it is

Wk (), ¥ ()

—_ 27”

— T efiw(hfk)/Q"X(w/Qn)dw'
i

— 00
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Moreover, according to , by the change of
variable £ = w/2"

4w

1 .
(W () 07 (o)) = 5 [0,

27

For h = k (and n = m), trivially one has:
(Wi (z),¢p (x)) =1, while for h # k, it is

47
/ e—ilh=h)E ge
27
_ @ —din(h—k) _ —2i7r(h—k))
= (e e .

and since, according to (3)),

e:t4i7r(h—k) e:t?iw(h—k) =1,

the proof easily follows.

Analogously it can be easily shown that

(g (), p" () = 6" Okn,

(25)

Moreover, the fundamental functions (T,
fulfills the basic (even-odd) properties of scaling
and wavelet, that is

and the following

Theorem 4. The harmonic scaling function

and the harmonic wavelets fulfill the conditions

/ZOO o(z)dr =1, /Zwﬁ(x)dzO.
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Proof. According to — one has

/O:O o(z)dz

where §(w) is the Dirac delta function.

Analogously, taking into account (21))-(22),

| it
= (L (@) = 2n (1,90 ()
=27 /00 5((.u)ﬂ

- o 67iwk/27lx(w/2n)dw

ont2n

= / §(w)e™ k2" 4w = 0.
ontig

3.2. Wavelet reconstruction

Let f(x) € B, where B is the space of complex
functions, such that for any value of the param-
eters n, k, the following integrals, which define
the wavelet coefficients, exist and have finite val-
ues

an = (7)) = [ T H @R )z
ot = U@ = [ f@w

5= U@,k @) = [ " @) @)

=@ = [ e @)

(26)
According to ,, these coefficients can be
equivalently computed in the Fourier domain,
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thus being
a = 277(@), m>
- [T fom@as= [ feeta
oo o
o =2m(f(x),P))
=...= /27T A(w)eﬂwkdw
0
B =2n(f(a),9p(2))
ont+2,
== /2n+17r f(w)emkmn dw
T = (@), 5 @)
ont2,
— _9—mn/2 7 —iwk /2"
=...=2 /271_*—17r fw)e dw,
(27)

where the hat stands for the Fourier transform.
It can be easily seen (see e.g. [14]) that

3.3. Harmonic wavelet series

Let f(xz) € B be a complex funtion with finite
wavelet coefficients (26)), (27). By taking into ac-
count the orthonormality of the basis functions

, the function f(x) can be expressed as
a wavelet (convergent) series (see e.g. [7]). In
fact, if we put

oo

> argh(@) +> > Bssz(z)}

k=—o0 n=0 k=—o0

fz) =

oo}

SIS B*Zwﬁ(x)}

k=—o00 n=0 k=—o0

—+

(28)

the wavelet coeflicients can be easily computed
by using the orthogonality of the basis and its
conjugate.

In [7] (see also [24]) it was shown that, un-
der suitable and quite general hypotheses on the
function f(z), the wavelet series converges

to f(x).
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The conjugate of the reconstruction it is

F(z) = ki gy (z +i0k§ Bt ( ]
. ki a,:@g(miokw ﬂ*zw:s(x)]

= ki a,tcp%(w)-l—ioki: Bx E(m)]

+ k_i: akap(,;(:v)JriOki: BWZ(IE)]

The wavelet approximation is obtained by fix-
ing an upper limit in the series expansion ,
so that with NV < oo, M < oo we have

M
Zawk +Z Z Bivr (z }

o)

n=0 k=— M
Zak@k +Z Z B Rk (x }
n=0 k=— M

(29)

Since wavelets are localized, they can capture
with few terms the main features of functions
defined in a short range interval.

1) Examples of Harmonic wavelet

reconstruction

Let us give a couple of examples to show the
powerful approximation obtained by the har-
monic wavelets.

Let us first consider the reconstruction of the
Gaussian function:

flz) = e
The truncated wavelet series with N =
0,M=0is

f(x) = appl(z) + a5 (z) + Bovg + B*0v0,

so that if we compute the wavelet coefficients

a o, B, B*) by using the Egs. (26) (or (27))

we get
Lerf (ny/a),
3 [erf (2my/o) — erf (my/0)]

— AF —
Oé()—O[O—

5 ﬁ*O

(© 2018 Journal of Advanced Engineering and Computation (JAEC)

being the error function defined as

f/ ¢ tdu

There follows the zero order approximation of
the Gaussian

erf (z

and since
. sin 27x

oo(x) + Po(x) = Y

and
—0 sindmx — sin2wx
Y00(z) + Yo(z) =
T
we have
sin 27

e/ % erf (/o)
+ % [ erf (2m\/o) — erf (my/0)]

sindnwx — sin2wx

T
For instance, the second scale approximation
N = 22, M = 0 for the Gaussian function
e~ (162)" ig (see Fig.

in 2
o—(160)? o SN 272 l(

2 erfl — erfﬁ>
2rx 8

16
T T
— 2cos?2 ( ¢ T ff>
cos2mx | er 6 er 3
7200567r:v<erfg7 erf%)

— (cos 107z 4 cos 147x)

X (erf%— erf;r)]

As expected, by increasing the scaling parameter
N we will get a better approximation.

2) Computation of the wavelet

coefficients in the Fourier domain

According to the wavelet coefficient are ob-
tained by Fourier transform.
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Fig. 3: Harmonic wavelet approximation of the function
and the 0-scale N =0,M =0

If we apply the Fourier transform to (29), we

get

and

232

>~

—(162)?

flx) =e
and 2-scale N = 2, M = 0 approximation.

M N M
o [Sadtwr S mie ]
k=0 n=—N k=—M

according to (21),

92— n/2

l Zake iwk x(2m + w) —|—Z

n=0
x Z ﬁ;?e‘“’“/znx(27r+w/2”)]

N 2—n/2

Za* zwk 27T+w)+7;) o

oy /a*ﬁewm"x@ww/?”)]
k=—M

i.e.
7 1 Z —iwk a 2in/2
Fl) = | L+ Y ape et + 302
k=0 n=0
M
X+ w/2) Y 626’“’“/2"]
k=—M
M N —n/2
| gpxer o X aje kS
k= n=0

X2 Y ﬂk/]
k=—M
and for a real function

M
x(27 + w) Z o (e*iwk + eiwk)
k=0
—n/2

f?(w)g%

+Z

n=0

M
% Z ﬁ]? (e—iwk/2"+
k=—M

x(2m +w/2")
eiwk/Q”)

that is,

M

Z ay cos(wk)

k=0

Fl) = o oxtr +)

N

>

n=0

M
X Z By cos(wk/2™)

k=—M

—n/2

X(2m + w/2")

So that the wavelet coefficient can be obtained
by the fast Fourier transform. In [7] it was given
a simple algorithm for the computation of these
coefficients through the fast Fourier transform.

3)

Harmonic wavelet coefficients of
the fractional harmonic scaling and

wavelet

The fractional harmonic scaling and wavelet
functions @, in general are not orthogo-
nal as can be checked by a direct computation
of their inner product. However, they can be ex-
pressed, by the wavelet coefficients with respect

(© 2018 Journal of Advanced Engineering and Computation (JAEC)
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to the harmonic wavelet basis. By taking into
account the simple form of the Fourier transform

of the fractional functions (12)),

27
Palw) =~ —b(w),
Pu) = rrrag @)
R - (30)
o =——" §(2a°7 —
Valw) al' (14 «) (207 —w)
we have for the scaling function ¢, ()
27
. 2w
-~ iwk
= a d =
ok /0 Pa(w)e™ dw ol'(1+ «)
27
. 27
* -~ —iwk
= a d =
Ay /O P (w)e w aF(l + Ot)
27L+2ﬂ_
6}? — 2—71/2 / @a(w)eiwk/Q"dw
2n+lg
- 27
~al(1+a)
ont2.
5*2 — 2—n/2 @a(w)e—iwk/2”dw
2n+lng
_ 27
Cal(14a)’

(31)

Analogously for the fractional wavelet ¥, ()

27
~ ; 2 i
iwk 2mia”k
= dw= ————
ag ; flw)e™ " dw al"(1+a)e
2m
* 7 —iwk 2m 2mia’k
ay, /0 flw)e w aT(1 T a)e
ont2, .
,3]? — 2—77./2/ f(w)ezwk/Q dw
on+1lg
o 2m 2mia’?k
T al(14a)
ont2,
/B*Z _ 2—n/2/ f(w)e—zwk/Q dw
on+lg
_ 2m 2mia’k
T al(14a) ’
(32)

So that according to we get the fractional
scaling as a wavelet series

(© 2018 Journal of Advanced Engineering and Computation (JAEC)

o0

palr) = —" PIRCIORED)

al'(14+ « et

(33)
and analogously for the fractional harmonic
wavelet

oo o0

2w .2
’l/Ja(.’E) _ ar(1+a) Z Z e2ma k

n=0k=—o0
x [V} (2) + PR ()] -
(34)
By taking into account Eqs., (5, the basic

functions on the right hand side can be simplified
thus giving

47

B 2. sin2n(z — k)
Pa(z) = mkz

= 2r(x — k) (35)

so that the fractional scaling is closely related
to the sinc-fractional operator (see e.g. [22]) and
for the fractional wavelet, from , (16), anal-
ogously we get

_ 27 - 2mia’k
@a($> = OtF(l +a) k_z_ e

[sin dm(z — k)  sin2m(z — k)
m(x — k) m(x —k)
(36)

Also the fractional wavelet is closely related
to the Shannon wavelet and the sinc-fractional
wavelets [22].

4. Some properties of the
Harmonic wavelets in

Fourier domain

It is clear from that the reconstruction of
a function f(x) it is impossible when its Fourier
transform f(w) is not defined. Moreover, the
function (to be reconstructed) must be con-
centrated around the origin (like a pulse) and
should rapidly decay to zero. The reconstruc-
tion can be done also for periodic functions, or
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functions localized in a point different from zero:
zo # 0, by using the so-called periodized har-
monic wavelets [1},7,8]).

Among all functions f(x) some of them are
constant under harmonic wavelet map (28). In
fact, we have that,

Theorem 5. For a non trivial function f(x) #
0 the corresponding wavelet coefficients (27), in

general, vanish when either

flw)=0, Vk or f(w)=Cnst., k0.

In particular, it can be seen that the wavelet
coefficients trivially vanish when

f(z) =sin(2krx), keZ
(37)
f(x) = cos(2kmz),

keZ (k+#0)

Proof: For instance from (26)1, for cos(2kmz)
it is

oo
a = / cos(2kma) Py (x)dx
(o)

_ / (e—2ihﬂ-z =+ e21’h7rz) @2(33)(1.%

© .
+ / eth‘n’wE[]i (iIJ)dQ?

from where by the change of variable 2rx = £
and taking into account there follows

1 1——
= [RE@+E@]

According to (21) it is

—_

PY(2rh) = —e 2™ F (21 4 27h)

[\

—_

—x (27 + 27h)

[\

and, because of

x(2r+2rh) =1, 0<h<1

234

so that

P%2rh) =0, Vh#O0.

There follows that a;, = 0, as well as the remain-
ing wavelet coefficients of cos(2knx) (with k € Z
and k # 0) are trivially vanishing. Analogously,
it can be shown that all wavelet coefficients of
cos(2kmzx) (Vk € Z) are zero.

O

As a consequence, a given function f(x), for
which the coefficients are defined, admits
the same wavelet coefficients of

f(z)+ Z [Ap sin(2hma) + By, cos(2hmz)] — By,
h=0
(38)
or (by a simple tranformation) in terms of com-
plex exponentials,

f(x)700+ Z Che2ih7ra:’

h=—o0

(39)

so that the wavelet coefficients of f(z) are de-
fined unless an additional trigonometric series
(the coefficients Ay, , By, , C), being constant) as

in .

5. Local fractional calculus

In order to get some advantages from the defini-
tion of the fractional harmonic wavelets we give
in this section the definition of the local fraction
derivative, and then we apply this operator to
the fractional wavelets (9), (I7). By taking into
account that wavelets are localized functions, we
need to define a suitable local differential oper-
ator as the ones proposed by Yang [36-39]:

5.1. Local fractional derivative

Definition 1. The local fractional derivative of

f(x) of order a at x = ¢ is the operator

EI| g AU )
dx® om0 (x> — x§) (40)
0<a<l
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being to the most significant functions. By a direct
computation it can be easily shown that, start-
ing from the power series [31},36139]:

+oo me
Eo(z%) = RSt 0 <1,
(=%) Z_:Ol"(l—i—ma) Sas
There follows that m= (43)
et AY(() — f(w)
dr> |, _ ~ z—wo (o —z§)
0 ( . ) +00 :C(2m+1)a
~ . % — xf sing (%) = —1)™ ,
O0<a<l
=T(1+«) (44)
ie.,
d*z® =T + a)dz® oo L 2ma
For any x in a suitable interval centered in z, cosq(z) = Z (*1)mma (45)
we can define the local fractional derivative m=0
O0<a<l
dOé
Do f(z) = x), x € (xg—0,z0+ 0
v /(@) dz® (=) (o 0+9) and by taking into account that [36437]
5.2. Local fractional integral
d®z™ I'(1 4 ma) s | (46)
Definition 2. The local fractional integral of dz® I'(1+ (m—1))
f(x) of fractional order « in the interval (a,b) )
is defined as ( [36,37]) we can easily show that
@ L ) (awe A Bua®) = Bale®). (D
aly f(x):m af(u)(du) dpo o\ ) = Ball ).
1 N—1
- -} , e a* . o o
= F(l n a) A’}ngo Z f(U])(AUj) s dft)t Slna(l' ) = COSa(J} ) (48)
j=0 L
(42) o
s cosq () = — sing (). (49)
where we have Au; = wuj41 — uj, Au =
max {Aug, Aug, Aug,--- } and [uj,ujt1], up =
a, uy = b, is a partition of the interval [a, b]. (@) &™ g(mt+Da

For any = € (a,b), we can also define the inte-
gral operator aI(O‘)f(as),

xT

rl+ma) T+ (m+1a)

5.4. Local fractional derivative
5.3. Some properties of the of the fractional Harmonic
local fractional operators wavelets

The local fractional operators, previously de- In thissection we will give the explicit expression
fined, have some special features when applied of the local fractional derivative of the harmonic
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fractional scaling @D and wavelet, , namely

Pa(T) = i %x’“, (0<a<l)
= al'(k+a+1)
Vo(z) = EQ2raiz)pq () (51)

According to Eqs. (46), it is

d > (27i)* d
dma(pa( )71620411(16—&—@—1—1) dzo "
(2mi)* T(1+k) .4
) o
aPk+a+1) T(k)
0<a<l)
I a(z) = Fa(2maiz)
Tra Va(@) = Eo(2maix

x (277042'%(3:) + djacpa(x))

(52)
and symplifying
d e k(2mi)k b1
@‘p“()_;ar(k+a+1) ’
(0<a<1
d (2mi)F+L
_— (2 zFk
dze V(@) = mm( T(k+a+1)
n i k(2mi)k S (53)
P al'( k +a+ 1)

The knowledge of the local fractional deriva-
tive of the fractional harmonic wavelets can be
a fundamental tool in the search for numerical
solution of fractional differential equations.

Conclusion

In this paper the main properties of the com-
plex harmonic wavelets are given. Moreover the
fractional harmonic wavelets were defined and
their local fractional derivatives explicitly com-
puted. These fractional harmonic wavelets are
the fundamental functions to build a model for
the solution of fractional differential problems.
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