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Abstract. The purpose of the present paper is

to derive several subordination, superordination

results, and sandwich results for the function of

the form f (z) = z+
∑∞
n=2 anz

n which is univa-

lent in the open unit disc U = {z ∈ C : |z| < 1}
by using the Ruscheweyh derivative operator

Rλf (z) = z +
∑∞
n=2Bn (λ) anz

n. Further some

of which improve on the previously best-known

results achieved for special cases of our work.
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1. INTRODUCTION

Let M = M (U) denote the class of ana-
lytic functions in the open unit disc U =
{z ∈ C : |z| < 1}. For n a positive integer and
a ∈ C, letM [a, n] be the subclass ofM consist-

ing of functions of the form:

f (z) = a+ anz
n + an+1z

n+1 + . . . ,

(a ∈ C) . (1)

Also, let W be the subclass of M consisting of
functions of the form:

f (z) = z +

∞∑
n=2

anz
n,

(an ≥ 0, n ∈ N= {1, 2, 3, . . . }) (2)

which are univalent in U.

For the function f ∈W given by (2) and g ∈W
de�ned by:

g (z) = z +

∞∑
n=2

bnz
n.

The Hadamard product (or convolution) of f
and f is de�ned by:

(f ∗ g) (z) = z +

∞∑
n=2

anbnz
n = (g ∗ f) (z) .

For a real number λ > −1 and f ∈ W. The
Ruscheweyh derivative [1] of order λ is denoted
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by Rλf and de�ned as the following

Rλf (z) = f (z) ∗ 1

(1− z)λ+1

= z +

∞∑
n=2

Sn (λ) anz
n, (3)

where Sn (λ) =
(λ+1)(λ+2)...(λ+n−1)

(n−1)! .

From Eq.(3) we note that:

z
(
Rλf (z)

)′
= (λ+ 1)Rλ+1f (z)− λRλf (z) .

(4)
In 2005 Bulboacã [2], used the results of Miller
and Mocanu [3], they considered certain classes
of �rst order di�erential superordinatias, as well
as superordination-preserving integral operators
[2]. In 2004 Ali and others [4] have used the
results of Bulboacã [2] to obtain su�cient con-
ditions for certain normalized analytic functions
to satisfy

q1 (z) ≺
zf ′ (z)

f (z)
≺ q2 (z) ,

where q1 and q2 are univalent functions in U with
q1 (0) = q1 (0) = 1. Tuneski [5] obtained su�-
cient conditions for starlikeness of f in the terms

of the quantity zf
′′
(z)f(z)

(f(z))2
. Recently, Shan-

mugam and others [6,7] and Goyal and others [8]
are obtained some results using sandwich theo-
rem on certain classes of analytic functions. Also
see the References [9-11].

The main object of this work is to �nd su�-
cient conditions for a certain normalized ana-
lytic function f to obtaining and proving sev-
eral subordination, superordination results and
some results depending on sandwich theorem.
The analytic function f has the form f (z) =
z +

∑∞
n=2 anz

n which is univalent in the open
unit disc U = {z ∈ C : |z| < 1}

l1 (z) ≺
(
Rλf (z)

z

)τ
≺ l2 (z) ,

and

l1 (z) ≺

β
(
Rλ+1f (z)

)
+ (1− β)Rλf (z)

z

τ

≺ l2 (z) ,

where l1 and l2 are given univalent functions in
U with l1 (0) = l1 (0) = 1.

In order to prove our subordination and super-
ordination we need the following de�nition and
lemmas.

De�nition 1.1: [3] If f, g ∈ M (U) , we say
that f is subordinate to g or g is said to be
superordinate to f , written symbolically f (z) ≺
g (z) if there exists a Schwarz function w, which
is analytic in U with w (z) = 0 and |w (z)| < 1
for all z ∈ U, such that f (z) = g (w (z)) , z ∈ U .
Furthermore, if the function g is univalent in U ,
then we have the following equivalence

f (z) ≺ g (z)⇐⇒ f (0) = g (0) and f (U) ⊂ g (U) .

De�nition 1.2: [3] Let ψ : C3 × U → C, and
h (z) be univalent in U . If k (z) is analytic in U
and satisfying the second order di�erential sub-
ordination:

ψ
(
k (z) , zk′ (z) , z2k

′′
(z) ; z

)
≺ h (z) , (5)

then k (z) is a solution of the di�erential sub-
ordination (5). The univalent function q (z) is
called a dominant of the solution of the di�er-
ential subordination (5) if k (z) ≺ q (z) for all
k (z) satisfying (5) . A univalent dominant q̃ that
satisfying q̃ ≺ q for all dominants of (5) is called
the beast dominant.

De�nition 1.3: [3] Let ψ : C3 × U →
C, and h (z) be univalent in U . If k (z) and

ψ
(
k (z) , zk′ (z) , z2k

′′
(z) ; z

)
are univalent in U

and if k (z) satis�es the second order di�erential
superordination:

h (z) ≺ ϕ
(
k (z) , zk′ (z) , z2k

′′
(z) ; z

)
(6)

then k (z) is a solution of the di�erential superor-
dination (6) . An analytic function q (z) is called
a subordinant of the solutions of the di�erential
superordination (6) if q (z) ≺ k (z) for all k (z)
satisfying (6) . A univalent subordinant q̃ that
satisfy q ≺ q̃ for all subordinants of (6) is called
the beast subordinant.

De�nition 1.4 [3] Let Q be the set of all
functions f that are analytic and injective on
U�E (f), where

E (f) =

{
ξ ∈ ∂U : lim

Z→ξ
f (z) =∞

}
,

and are such that f ′ (ξ) 6= 0 for ξ ∈ ∂U�E (f).
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Lemma 1.1 [3] Let q (z) be convex univalent
function in the open unit disk U and ψ, t ∈
C� {0} with

Re

(
1 +

zq
′′
(z)

q′ (z)
+
ψ

t

)
> 0.

If p (z) is analytic in U and

ψp (z) + tzp′ (z) ≺ ψq (z) + tzq′ (z) , (7)

then p (z) ≺ q (z) , and q (z) is the best domi-
nant for (7) .

Lemma 1.2 [3] Let q (z) be univalent func-
tion in the open unit disk Uand let θ and ϕ be
analytic in a domain D containing q (U) with
ϕ (w) 6= 0 when w ∈ q (U) . Set

Q (z) = zq′ (z)ϕ (q (z))

and
h (z) = θ (q (z)) +Q (z)

Suppose that

(i) Q is starlike univalent in U.

(ii) Re
(
zh′(z)
Q(z)

)
> 0 for z ∈ U.

If p (z) is analytic with p (0) = q (0) , p (U) ⊆ D
and

θ (p (z))+zp′ (z)ϕ (p (z)) ≺ θ (q (z))+zq′ (z)ϕ (q (z))
(8)

then p (z) ≺ q (z) , and q (z) is the best dominant
for (8) .

Lemma 1.3 [3] Let q (z) be convex univalent
function in the open unit disk U and α ∈ C, β ∈
C� {0} with

Re

(
1 +

zq
′′
(z)

q′ (z)

)
> max

{
0,−Re

(
α

β

)}
.

If p (z) is analytic in U and

αp (z) + βzp′ (z) ≺ αq (z) + βzq′ (z) , (9)

then p (z) ≺ q (z) , and q (z) is the best domi-
nant for (9) .

Lemma 1.4 [3] Let q (z) be convex function in
the open unit disk U and β ∈ C. Further assume

that Re (β) > 0. If p (z) ∈ H [q (z) , 1] and p (z)+
βzq′ (z) is univalent in U, then

q (z) + βzq′ (z) ≺ p (z) + βzp′ (z) (10)

then q (z) ≺ p (z) , and q (z) is the best subor-
dinant for (10) .

Lemma 1.5 [3] Let q (z) be convex univalent
function in the open unit disk Uand let θ and
ϕ be analytic in a domain D containing q (U).
Suppose that

(i) Re
(
θ′(q(z))
ϕ(q(z))

)
> 0, forz ∈ U.

(ii) zq′ (z)ϕ (q (z)) is starlike univalent in U .

If p (z) ∈ H [q (0) , 1]
⋂
Q, with p (U) ⊆ D, and

θ ( p (z))+zp′ (z)ϕ (p (z)) is univalent in U, and

θ ( q (z)) + zq′ (z)ϕ (q (z)) ≺ θ ( p (z)) + zp′ (z)ϕ (p (z))
(11)

then q (z) ≺ p (z) , and q (z) is the best subor-
dinant for (11) .

2. Subordination Results

for Rλf (z)

Theorem 2.1: Let l be a convex univalent in
U with l (0) = 1, τ > 0, 0 6= ϑ ∈ C and suppose
that l satis�es

Re

{
1 +

zl
′′
(z)

l′ (z)

}
> max

{
0,−Re

( τ
ϑ

)}
.

(12)
If f (z) ∈W , satis�es the subordination:[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
≺ l (z) + ϑ

τ
zl′ (z) , (13)

then (
Rλf (z)

z

)τ
≺ l (z) , (14)

and l (z) is the best dominant for (13) .

Proof: de�ne the function m by:

m (z) =

(
Rλf (z)

z

)τ
. (15)
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Di�erentiating Eq. (15) logarithmically with re-
spect to z, we obtain:

zm′ (z)

m (z)
= τ

(
z
(
Rλf (z)

)′
Rλf (z)

− 1

)

From Eq.(4), we obtain:

zm′ (z)

m (z)
= τ (λ+ 1)

(
zRλ+1f (z)

Rλf (z)
− 1

)
.

Therefore,

zm′ (z)

τ
= (λ+ 1)

(
Rλf (z)

z

)τ (
zRλ+1f (z)

Rλf (z)
− 1

)
.

The subordination (13) from the hypothesis be-
comes:

l (z) +
ϑ

τ
zl′ (z) ≺ m (z) +

ϑ

τ
zm′ (z) .

An application of Lemma 1.3, with β = ϑ
τ and

α = 1, the proof of Theorem 2.1, is completed.
�

Putting m (z) = 1+Az
1+Bz where −1 ≤ B < A ≤ 1,

in Theorem 2.1, we obtain on the next result.

Corollary 2.1: Let −1 ≤ B < A ≤ 1, τ >
0, 0 6= ϑ ∈ C and

Re

{
1−Bz
1 +Bz

}
> max

{
0,−Re

( τ
ϑ

)}
,

if f (z) ∈W , satis�es the subordination:{
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)}(
Rλf (z)

z

)τ
≺ 1 +Az

1 +Bz
+
ϑ

τ

(A−B) z

(1 +Bz)
2 , (16)

then (
Rλf (z)

z

)τ
≺ 1 +Az

1 +Bz
,

and l (z) = 1+Az
1+Bz is the best dominant for (16).

In Corollary 2.1, if the values of A and B are
1,-1; respectively, we obtain the following result:

Corollary 2.2: Let A = 1 , B = −1, τ >
0, 0 6= ϑ ∈ C and

max
{
0,−Re

( τ
ϑ

)}
< 1,

if f (z) ∈W , satis�es the subordination:{
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)}(
Rλf (z)

z

)τ
≺ 1 + z

1− z
+

2ϑz

τ(1− z)2
, (17)

then (
Rλf (z)

z

)τ
≺ 1 + z

1− z
,

and l (z) = 1+z
1−z is the best dominant for (17).

Theorem 2.2: Let l be a convex univalent in
U with l (0) = 1 and l (z) 6= 0 for all z ∈ U, and
suppose that l satis�es:

Re

{
1 +

νξ

ϑ
+
µ (ξ + 1)

ϑ
l (z)

+ (ξ − 1)
zl′ (z)

l (z)
+
zl

′′
(z)

l′ (z)

}
> 0, (18)

where ξ, µ, ν ∈ C, 0 6= ϑ ∈ C and z ∈ U.

Suppose that z(l (z))
ξ−1

l′ (z) is starlike univa-
lent in U.

If f (z) ∈W , satis�es the subordination:

G (ξ, ν, µ, β, λ, ϑ; z) ≺ (ν + µl (z)) (l (z))
ξ

+ ϑz(l (z))
ξ−1

l′ (z) , (19)

where

G (ξ, ν, µ, β, λ, ϑ; z)

= ν

(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τξ
+ µ

(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ(ξ+1)

+ ϑτ

(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τξ
×

(
βz
(
Rλf (z)

)′
+ (1− β) z

(
Rλ+1f (z)

)′
βRλf (z) + (1− β)Rλ+1f (z)

− 1

)
,

(0 ≤ β ≤ 1, τ > 0 and z ∈ U), (20)

then(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
≺ l (z) ,

(21)
and l (z) is the best dominant for (19) .
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Proof: De�ne the function m by:

m (z) =

(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
(22)

By setting

ψ (B) = (ν + µB)Bξ and φ (B) = ϑ(B)ξ−1,
0 6= B ∈ C,

we see also that ψ (B) is analytic in C, φ (B) is
analytic in C− {0} and that φ (B) 6= 0. Also we
obtain

℘ (z) = zl′ (z)φ (l (z)) = ϑz(l (z))
ξ−1

l′ (z) ,

and

g (z) = ψ (l (z)) + ℘ (z)

= (ν + µl (z)) (l (z))
ξ
+ ϑz(l (z))

ξ−1
l′ (z) .

Since [z(l (z))
ξ−1

l′ (z)] starlike univalent, then
℘ (z) is starlike univalent in U,

Re

{
zg′ (z)

℘ (z)

}
= Re

{
1 +

νξ

ϑ
+
µ (ξ + 1)

ϑ
l (z)

+ (ξ − 1)
zl′ (z)

l (z)
+
zl

′′
(z)

l′ (z)

}
> 0.

The following equation can be obtained by a
straight word computation:

(ν + µm (z)) (m (z))
ξ
+ ϑz(m (z))

ξ−1
m′ (z)

= G (ξ, ν, µ, β, λ, ϑ; z) , (23)

where G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) .

From (19) and Eq. (23), we have the following
subordination:

(ν + µp (z)) (m (z))
ξ
+ ϑz(m (z))

ξ−1
m′ (z)

≺(ν + µl (z)) (l (z))
ξ
+ ϑz(l (z))

ξ−1
l′ (z) , (24)

therefore, by using Lemma 1.2, we get on:

m (z) ≺ l (z) and l (z) the best dominant of (19)
�

Putting l (z) = eδz, |δ| ≤ 1 in Theorem 2.2, we
obtain the following result:

Corollary 2.3: Let |δ| ≤ 1 and

Re

{
1 +

νξ

ϑ
+
µ (ξ + 1)

ϑ
eδz + zδξ

}
> 0,

where ξ, µ, ν ∈ C, 0 6= ϑ ∈ C and z ∈ U.

If f (z) ∈W , satisfy the subordination:

G (ξ, ν, µ, β, λ, ϑ; z) ≺
(
ν + µeδz

)
eξδz

+ ϑδze (ξ−1)δzeδz, (25)

where G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) ,

then(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
≺ eδz,

and eδz is the best dominant for (25) .

Hence, for the particular case δ = β = 1, we
have the following result:

Corollary 2.4: Let δ = β = 1 and

Re

{
1 +

νξ

ϑ
+
µ (ξ + 1)

ϑ
ez + zξ

}
> 0,

where ξ, µ, ν ∈ C, 0 6= ϑ ∈ C and z ∈ U.

If f (z) ∈W , satis�es the subordination:

G (ξ, ν, µ, 1, λ, ϑ; z) ≺ (ν + µez + ϑz) eξz, (26)

Where G (ξ, ν, µ, 1, λ, ϑ; z) is given by (20) ,

then (
Rλf (z)

z

)τ
≺ ez,

and ez is the best dominant for (26) .

3. Superordinations

results for Rλf (z)

Theorem 3.1: Let l be a convex univalent in
U with l (0) = 1, τ > 0, Re (ϑ) > 0. Let f (z) ∈
W , satis�es

(
Rλf(z)

z

)τ
∈M [l (0) , 1] ∩Q, and

[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
,

be univalent in U. If

l (z) +
ϑ

τ
zl′ (z) ≺

[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)]
×
(
Rλf (z)

z

)τ
, (27)
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then

l (z) ≺
(
Rλf (z)

z

)τ
, (28)

and l (z) is the best subordinant for (27) .

Proof: De�ne the function m by:

m (z) =

(
Rλf (z)

z

)τ
. (29)

Di�erentiating (29) logarithmically with respect
to z, we obtain:

zm′ (z)

m (z)
= τ

(
z
(
Rλf (z)

)′
Rλf (z)

− 1

)
.

So by using Eq.(4), from Eq.(29), we obtain:[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
= m (z) +

ϑ

τ
zm′ (z) .

From subordination (27) , we have:

l (z) +
ϑ

τ
zl′ (z) ≺ m (z) +

ϑ

τ
zm′ (z)

An application of Lemma 1.4, with β = ϑ
τ , we

get the desired result.

Putting l (z) = 1+Az
1+Bz where − 1 ≤ B < A ≤ 1,

in Theorem 3.1, we obtain on the next result.

Corollary 3.1: Let −1 ≤ B < A ≤ 1, τ >
0, 0 6= ϑ ∈ C and Re {ϑ} > 0, let f (z) ∈ W ,

satis�es
(

Rλf(z)
z

)τ
∈M [l (0) , 1] ∩Q, and let[

1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
,

be univalent in U. If

1 +Az

1 +Bz
+
ϑ

τ

(A−B) z

(1 +Bz)2

≺
[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
,

(30)

then
1 +Az

1 +Bz
≺
(
Rλf (z)

z

)τ
,

and l (z) = 1+Az
1+Bz is the best subordinant for

(30) .

In Corollary 3.1, if the values of A and B are
1,-1; respectively, we obtain the following result:

Corollary 3.2: Let A = 1 , B = −1, τ >
0, 0 6= ϑ ∈ C and Re {ϑ} > 0 ,let f (z) ∈ W ,

satis�es
(
Dλf(z)

z

)τ
∈M [l (0) , 1] ∩Q, and let

[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
,

be univalent in U. If

1 + z

1− z +
2ϑz

τ (1− z)2

≺
[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
,

(31)

then
1 + z

1− z
≺
(
Rλf (z)

z

)τ
,

and l (z) = 1+z
1−z is the best subordinant for

(31).

Next, we prove the following theorem by using
Lemma 1.5.

Theorem 3.2: Let l be a convex univalent in
U with l (0) = 1, assume that l satis�es

Re

{
νξ

ϑ
l′ (z) +

µ (ξ + 1)

ϑ
l (z) l′ (z)

}
> 0, (32)

where ν, µ, ξ ∈ C, ϑ ∈ C−{0} and z ∈ U.

and that z(l (z))
ξ−1

l′ (z) is starlike univalent in
U. Let f (z) ∈W , satis�es the condition:(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
∈M [l (0) , 1]∩Q,

where (0 ≤ β ≤ 1, τ > 0 and z ∈ U),

and G (ξ, ν, µ, β, λ, ϑ; z) is univalent in U, where
G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) . If

(ν + µq (z)) (l (z))
ξ
+ ϑz(l (z))

ξ−1
l′ (z)

≺ G (ξ, ν, µ, β, λ, ϑ; z) (33)

then

l (z) ≺
(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
,

(34)
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and l (z) is the best subordinant for (33) .

Proof: De�ne the function m by:

m (z) =

(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
(35)

By setting

ψ (B) = (ν + µB)Bξ and φ (B) = ϑ(B)ξ−1,
0 6= B ∈ C,

we see also that ψ (B) is analytic in C, φ (B) is
analytic in C− {0} and that φ (B) 6= 0. Also we
get

℘ (z) = zl′ (z)φ (l (z)) = ϑz(l (z))
ξ−1

l′ (z) .

And hence, ℘ (z) is starlike univalent in U (by
assumption),

Re

{
ψ′ (z)

φ (z)

}
= Re

{
νξ

ϑ
l′ (z)

+
µ (ξ + 1)

ϑ
l (z) l′ (z)

}
> 0.

We get on the following Equation, if make a
straight word computation:

G (ξ, ν, µ, β, λ, ϑ; z) = (ν + µp (z)) (m (z))
ξ

+ ϑz(m (z))
ξ−1

m′ (z) ,
(36)

where G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) .

From (33) and (36), we have the following rela-
tion:

(ν + µq (z)) (l (z))
ξ
+ ϑz(l (z))

ξ−1
l′ (z)

≺ (ν + µm (z)) (m (z))
ξ
+ ϑz(m (z))

ξ−1
m′ (z) ,

(34)

therefore, by using Lemma 1.5, we get on:

m (z) ≺ l (z) and l (z) the best subordinant
(33). �

Putting l (z) = eδz, |δ| ≤ 1 in Theorem 3.2, we
get the following result:

Corollary 3.3: Let |δ| ≤ 1 and

Re

{
νξδ

ϑ
eδz +

µ (ξ + 1) δ

ϑ
e2δz

}
> 0,

where ξ, µ, ν ∈ C, 0 6= ϑ ∈ C and z ∈ U.

If f (z) ∈W , satis�es the superordination:(
ν + µeδz

)
eδξz + ϑzδeδ(ξ−1)z ≺ G (ξ, ν, µ, β, λ, ϑ; z)

(37)

Where G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) ,

then(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
≺ eδz,

and eδz is the best subordinat for (37) .

Hence, in the particular case δ = β = 1, we have
the following result:

Corollary 3.4: Let δ = β = 1 and

Re

{
νξ

ϑ
ez +

µ (ξ + 1)

ϑ
e2z
}
> 0,

where ξ, µ, ν ∈ C, 0 6= ϑ ∈ C and z ∈ U.

If f (z) ∈W , satis�es the superordination:

(ν + µez) eξz + ϑze(ξ−1)z ≺ G (ξ, ν, µ, β, λ, ϑ; z)
(38)

where G (ξ, ν, µ, 1, λ, ϑ; z) is given by (20) ,

then (
Rλf (z)

z

)τ
≺ ez,

and ez is the best subordinat for (38) .

4. Sandwich results

Combining Theorem 2.1 with Theorem 3.1 and
Theorem 2.2 with Theorem 3.2, we arrive at the
following sandwich result.

Theorem 4.1: Let l1 (z) and l2 (z) be convex
univalent functions in U with l1 (0) = l2 (0) =
1. Let l1 and l2 satis�es Re (ϑ) > 0 and

Re

{
1 + zl

′′
(z)

l′(z)

}
> max

{
0,−Re

(
τ
ϑ

)}
respec-

tively, where τ > 0, 0 6= ϑ ∈ C. Let f (z) ∈W ,
satis�es(

Rλf (z)

z

)τ
∈M [l (0) , 1] ∩Q,

and[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
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be univalent in U. If

l1 (z) +
ϑ

τ
zl′1 (z)

≺
[
1 + ϑ (λ+ 1)

(
Rλ+1f (z)

Rλf (z)
− 1

)](
Rλf (z)

z

)τ
≺ l2 (z) +

ϑ

τ
zl′2 (z) ,

then

l1 (z) ≺
(
Rλf (z)

z

)τ
≺ l2 (z)

and l1 (z) , l2 (z) are respectively, the best sub-
ordinant and the best dominant.

Theorem 4.2: Let l1 (z) and be l2 (z) a convex
univalent functions in U with l1 (0) = l2 (0) = 1.
Let l1 and l2 satis�es the Inequality (15) and the
Inequality (29) respectively, and let f (z) ∈W ,
satis�es the condition:(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
∈M [1, 1] ∩Q,

where (0 ≤ β ≤ 1, τ > 0 and z ∈ U),

and G (ξ, ν, µ, β, λ, ϑ; z) is univalent in U, where
G (ξ, ν, µ, β, λ, ϑ; z) is given by (20) . If

(ν + µl1 (z)) (l1 (z))
ξ
+ ϑz(l1 (z))

ξ−1
l′1 (z)

≺ G (ξ, ν, µ, β, λ, ϑ; z)

≺ (ν + µl2 (z)) (l2 (z))
ξ
+ ϑz(l2 (z))

ξ−1
l′2 (z) ,

then

l1 (z) ≺
(
βRλf (z) + (1− β)Rλ+1f (z)

z

)τ
≺ l2 (z)

and l1 (z) , l2 (z) are respectively, the best sub-
ordinant and the best dominant.
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