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Abstract. This paper presents an extended
Kalman �ltering (EKF) algorithm for estimat-
ing immeasurable state variables of a vehicle sta-
bility control system. Initially, the steering angle
and vertical forces on the tires were considered
inputs of the estimator. The measured process
outputs were the sensor signals regarding lon-
gitudinal and lateral accelerations, steering an-
gle, yaw rate, and wheel speed. Subsequently,
by using Euler discretization for a seven-degree-
of-freedom nonlinear vehicle model, di�cult-to-
measure state variables such as lateral veloc-
ity, vehicle side-slip angle, and lateral tire forces
were identi�ed separately by using the EKF al-
gorithm. The estimation results of the proposed
control system evidenced high performance.
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1. Introduction

Modern intelligent automotive systems are
equipped with a vehicle stability control (VSC),
which is intended to enhance the active safety
and handling predictability for drivers [1]. VSCs
increase driver control on curves and slippery

roads, substantially reducing the risk of fatal
crashes. The operating principle of a VSC sys-
tem is the use of di�erential braking mainly ac-
cording to the exact steering angle, longitudinal
velocity, yaw rate, vehicle side-slip angle, and
tire slip angle to generate stabilizing yaw mo-
ment. In practice, longitudinal velocity can be
measured according to wheel speed. The steer-
ing angle, yaw rate, and wheel speed can be de-
termined using widely available and inexpensive
sensors. The vehicle side-slip angle and tire slip
angle can be derived if lateral tire forces and lat-
eral velocity, respectively, are known. The sen-
sors typically used to measure these variables
are expensive. Therefore, di�erent estimation
methods for identifying these variables by using
available low-cost sensors have been proposed.
Mingli et al. (2010) presented kinematic inte-
gration to directly estimate the side-slip angle
[2]. However, this method cannot provide re-
liable estimation because of integration errors.
Limroth (2009), Ungoren and Peng (2004), and
Deng and Zhang (2006) used two states of the
bicycle model, lateral velocity and the yaw rate,
to design the observer identifying the lateral ve-
locity [3]�[5]. The bicycle model is based on
assumptions such as a constant vehicle longitu-
dinal velocity and small tire slip angle. These
methods do not ensure exact estimation over
all driving conditions because of model uncer-
tainties. Zarchan and Muso� (2009) proposed a
state and parameter estimator based on Kalman
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�ltering (KF) theory, which has applications in
many areas [6]. Kalman (1960) proposed KF to
estimate the immeasurable states in linear sys-
tems [7]. The fundamental operation of KF is a
successive process of prediction based on system
input, followed by correction based on measur-
able System output. An extension of KF the-
ory developed for state estimation in nonlinear
systems is named the extended Kalman �ltering
(EKF) algorithm. The main concept is the same
as that of standard KF, but the computational
complexity is increased.

Two approaches are employed for EKF. The
�rst approach is that of an optimization algo-
rithm that recursively determines states to min-
imize a cost function. The second approach is
that of EKF providing approximate maximum-
likelihood estimates. Similar to the �rst in-
terpretation, the mean and covariance of the
states are recursively updated. However, a �rst-
order linearization of the dynamics is necessary
to analytically propagate the Gaussian random-
variable representation. E�ectively, the non-
linear dynamics are approximated by a time-
varying linear system, and linear KF equations
are applied.

Chen and Hsieh (2008) proposed vehicle side-
slip angle estimator based on the kinematics of
the simpliest modi�ed bicycle model. The EKF
was used to design the estimation gain. For
this approach, the lateral tire forces were not
estimated. Moreover, the kinematic model was
derived from lateral and longitudinal kinematic
equations with the pole placement approach [8].
These equations are sometimes not su�cient for
describing whole vehicle motion because of the
motion's high nonlinearity. Parameter uncer-
tainties might result in estimation errors. In
this study, an EKF algorithm was applied to
identify di�cult-to-measure vehicle variables. It
was derived basing on a seven-degree-of-freedom
(7-DOF) four-wheel nonlinear vehicle model, in-
stead of bicycle model [8]. By using the pro-
posed method, the lateral velocity, vehicle side-
slip angle, and lateral forces of each tire were
estimated reliably. Consequently, the results of
this study can be used to obtain side-slip angle
and lateral tire forces by using low-cost sensors
of steering angle, yaw rate, wheel speed, and lat-

eral and longitudinal accelerations. In practice,
these sensors are readily available. Compared
with my previous study [9], �rstly, the veri�-
cation of vehicle model was added in proposed
study for its reliability in estimation algorithm.
Secondly, from the information of wheel speed
sensors, the forward speed can be identi�ed. The
EKF estimation algorithm exists in the condi-
tions that vehicle is not at rest and the steering
angle is not equal to zero. The EKF algorithm
in the previous paper disregarded a case that
the steering angle of zero means the tire side-
slip angles of zero. Simultaneously, the lateral
forces of the four wheels are also equal to zero.
Therefore, the estimation error of side-slip angle
became high for the steering angle of zero in pre-
vious paper. In this study, the vehicle side-slip
angle can be estimated favorably with all condi-
tions of the steering angle. Thirdly, the parame-
ters of the proposed EKF algorithm were also set
and analyzed. Fourthly, the simulation time for
steering angle was longer than that of previous
study. The goal was to test whether the esti-
mation of vehicle side-slip angle is always kept
favorably. Moreover, the vertical force input of
the EKF was also computed and compared with
that from CarSim. And �nally, the esimation re-
sults were discussed in detail by calculating the
root mean square error (RMSE) values for lat-
eral tire forces and the vehicle side-slip angle.
They were analyzed according to di�erent cases
of steering angle.

This paper comprises �ve parts. The motiva-
tion of the study is presented in Section 1. In
Section 2, the 7-DOF vehicle and tire models for
the estimator design are described. The method
for estimating immeasurable vehicle state vari-
ables is proposed in Section 3. Section 4 presents
the simulation results. Finally, conclusions are
presented in Section 5, summarizing the main
points of the paper and recommending future
research directions.

2. Vehicle System

2.1. Vehicle Model

When applying the EKF algorithm for estimat-
ing immeasurable variables in a VSC system,
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the dynamics of the vehicle must be precisely
de�ned. As a result, the derived vehicle model
must be compared with a standard model to en-
sure its reliability.

The CarSim vehicle model, a high-order
model covering all degrees of freedom (18 DOF)
of a vehicle, is a commercially available product
with a well-de�ned user interface that can verify
the accuracy of a built model.

Fig. 1: 7-DOF vehicle model.

Demerly and Toumi (2000) reduced the order
of a CarSim model to a vehicle model with eight
degrees of freedom [10]. This model consisted
of longitudinal and lateral velocities originating
from the chassis, the vertical body roll angle, the
vehicle yaw rate, and the angular velocities of
the four wheels. For simplicity in the estimator
design, the current study constructed a 7-DOF
vehicle model that disregarded the roll dynam-
ics (Fig. 1). The governing equations of motion
(EOMs) are derived by applying the Newton-
Euler approach to the wheels and vehicle as fol-
lows:

Longitudinal dynamics

V̇x =
1

m
(mγVy + Fx1 cos δl + Fx2 cos δr+

Fx3 + Fx4 − Fy1 sin δl − Fy2 sin δr)
(1)

Lateral dynamics

V̇y =
1

m
(−mγVx + Fx1 sin δl + Fx2 sin δr+

Fy3 + Fy4 + Fy1 cos δl + Fy2 cos δr)
(2)

Yaw dynamics

γ̇ =
1

Iz
(Fy1 (lf cos δl +Aaf sin δl)− (Fy3

+Fy4) lr + Fy2 (lf cos δr −Bbf sin δr)

+Fx1 (−Aaf cos δl + lf sin δl) + Fx2 (lf sin δr+

Bbf cos δr)− Fx3Aar + Fx4Bbr)
(3)

Rotational dynamics of the four wheels

ω̇n =
1

Iw
(rFxn − Tbn) , (n = 1, 4)

where

Aaf = 0.5Bf − d; Aar = 0.5Br − d (4)

Bbf = 0.5Bf + d; Bbr = 0.5Br + d (5)

2.2. Tire Model

The Dugo� tire model which was adopted from
[11] is used to represent nonlinear tire behav-
ior because of its small number of parame-
ters, which are su�cient for evaluating tire�road
forces. Both the longitudinal and lateral forces
of each tire can be expressed as

Fxn = Cdn
idn

1 + idn
f (λn) (6)

F̄yn = −Cn
tanαn
1 + idn

f (λn) (7)

where

F̄yn = −Cn
tanαn
1 + idn

f (λn) (8)

The slip angles of the front and rear tires can be
obtained using

α1 = δl − arctan

(
Vy + lfγ

Vx − (0.5Bf − d) γ

)
(9)

α2 = δr − arctan

(
Vy + lfγ

Vx + (0.5Bf + d) γ

)
(10)
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Fig. 2: Yaw rate and lateral acceleration responses.

α3 = − arctan

(
Vy − lrγ

Vx − (0.5Br − d) γ

)
(11)

α4 = − arctan

(
Vy − lrγ

Vx + (0.5Br + d) γ

)
(12)

According to [11], lag exists between a sud-
den change in the slip angle of each tire and the
buildup of a corresponding lateral force. This
lag can be modeled as

Ḟyn =
Vx
ε

(
−Fyn + F̄yn

)
(13)

where Fyn is the lagged lateral force of each tire
and ε is the relaxation length.

2.3. Vehicle-model Veri�cation

As discussed previously, although the vehicle
model has reduced DOF, it can approximate the
results of the high-order model in some situa-
tions. The yaw rate and lateral acceleration re-
sponses of two compared models are illustrated
in Fig. 2.

According to [12], the steering wheel angle in-
put is a triangular pulse with a pulse width of 0.4
s in the two models. Dugo�'s tire model enables
calculating longitudinal and lateral forces in a
closed form, which is required for implementing
the simulation. The vehicle simulation param-
eters were described in the previous studies [1]
and [13].

3. Extended Kalman

Filtering

3.1. Nonlinear state-space

model

To avoid the computational burden of deriving
the EKF algorithm applied to the 7-DOF vehi-
cle model in this study, the vehicle model was
simpli�ed using the following assumptions:

Under the supposition that d = 0, Eqs. (4)
and (5) become

Aaf = Bbf = 0.5Bf , Aar = Bbr = 0.5Br

Subsequently, it is supposed that

δl ≈ δr ≈ δ, Fx3 ≈ Fx4 ≈ 0

Setting

Fx1 + Fx2 = Fx11, Fx2 − Fx1 = Fx12
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The EOMs Eqs. (1)�(3) become

V̇x =
1

m
(mγVy + Fx11 cos δ

− (Fy1 + Fy2) sin δ)
(14)

V̇y =
1

m
(−mγVx + Fx11 sin δ

+ (Fy1 + Fy2) cos δ + Fy3 + Fy4)
(15)

γ̇ =
1

Iz
(lfFx11 sin δ + lf (Fy1 + Fy2) cos δ

−lr (Fy3 + Fy4) + 0.5BfFx12 cos δ

+0.5Bf (Fy1 − Fy2) sin δ)

(16)

and the slip angles Eqs. (9)�(12) are similar to

α1 = δ − arctan

(
Vy + lfγ

Vx − 0.5Bfγ

)
(17)

α2 = δ − arctan

(
Vy + lfγ

Vx + 0.5Bfγ

)
(18)

α3 = − arctan

(
Vy − lrγ

Vx − 0.5Brγ

)
(19)

α4 = − arctan

(
Vy − lrγ

Vx + 0.5Brγ

)
(20)

From Eqs. (14) and (15), the longitudinal and
lateral accelerations are derived as follows:

ax = V̇x − γVy

=
1

m
(Fx11 cos δ − (Fy1 + Fy2) sin δ)

ay = V̇y + γVx =
1

m
(Fx11 sin δ

+ (Fy1 + Fy2) cos δ + Fy3 + Fy4)
(21)

According to Eq. (21), the lateral dynamics
(15) can be obtained in an alternative manner,
namely by using

V̇y = −γVx + ay (22)

During EKF calculation, Eq. (22) should be pri-
oritized over (15) because the yaw rate γ, longi-
tudinal speed Vx, and lateral acceleration ay can
be measured using the available sensors, yielding
an accurate lateral velocity estimate.

Taking the time derivative of (22) yields

V̈y = ȧy − γV̇x − γ̇Vx (23)

where
äy = 0 (24)

In addition, with the suppositions that

Ḟx11 ≈ 0 (25)

Ḟx12 ≈ 0 (26)

Subsequently, considering the longitudinal skid
ratio of each tire as zero (idn = 0), Eqs. (6)�(8)
are similar to

Fxn = 0

F̄yn = − (Cn tanαn) f (λn)

where

f (λn) =

{
(2− λn)λn if λn < 1

1 if λn > 1
(27)

and

λn =
µFzn

2Cn tanαn
(28)

Therefore, the dynamic tire model (13) becomes

Ḟyn =
Vx
ε

(−Fyn − (Cn tanαn) f (λn)) (29)

where f (λn) is obtained from Eqs. (27) and (28),
and tanαn (n = 1, 4) is calculated by changing
Eqs. (17)�(20) as follows:

tanα1 =
(Vx − 0.5Bfγ) tan δ − Vy − lfγ
Vx − 0.5Bfγ + (Vy + lfγ) tan δ

(30)

tanα2 =
(Vx + 0.5Bfγ) tan δ − Vy − lfγ
Vx + 0.5Bfγ + (Vy + lfγ) tan δ

(31)

tanα3 =
lrγ − Vy

Vx − 0.5Brγ
(32)

tanα4 =
lrγ − Vy

Vx + 0.5Brγ
(33)

Eqs. (14)�(16), (23)�(26) and (29) can be con-
sidered the following general state di�erential
equation:

ẋ (t) = f [x (t) ,u (t) , t ] (34)

According to [14], applying Euler discretiza-
tion to (34) yields

x̂k|k−1 = x̂k−1|k−1 + ˆ̇xk−1|k−1Ts
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where Ts is the sampling time and the derivative
is obtained from

ˆ̇xk−1|k−1 = f
(
x̂k−1|k−1,uk, tk, tk−1

)
The nonlinear discrete-time process of the whole
vehicle system can then be rewritten in the fol-
lowing standard state�space form:{

x̂k|k−1 = f
(
x̂k−1|k−1,uk, tk, tk−1

)
+ wk−1

ỹk = ŷk + vk

where wk−1 and vk are respectively the process
and measurement noises, and

ŷk = h
(
x̂k|k−1,uk, tk

)
The states of the process are expressed as

x̂k|k−1 =
[
V̂x,k|k−1 V̂y,k|k−1 γ̂k|k−1

F̂y1,k|k−1 F̂y2,k|k−1 F̂y3,k|k−1

F̂y4,k|k−1 F̂x11,k|k−1 F̂x12,k|k−1

ˆ̇V y,k|k−1 ˆ̇ay,k|k−1

]
The vector of inputs is

uk =
[
δk Fz1,k Fz2,k Fz3,k Fz4,k

]
and the vector of the measured process outputs
is

ỹk =
[
Ṽx,k γ̃k ãx,k ãy,k

]
3.2. Application of Extended

Kalman Filtering

For applying the EKF algorithm, it is assumed
that the process and measurement noises are
zero-mean Gaussian processes.

The process and measurement noise autoco-
variance matrices of wk−1 and vk must be spec-
i�ed as follows:

Qk,k−1 = E
{
wk−1 .w

T
k−1
}

Rk = E
{
vk .v

T
k

}
The extent of the EKF algorithm bandwidth

and its susceptibility to sensor measurement
noises completely depend on its autocovariance
matrix of process noiseQk,k−1, which represents

Fig. 3: Flow chart of EKF algorithm implementation.

the level of con�dence placed in the accuracy
of the observer model, and the autocovariance
matrix of measurement noise Rk, which repre-
sents the level of con�dence placed in the ac-
curacy of the sensor measurements. These val-
ues are used to tune the �lter characteristics, in-
cluding the accuracy and response, and were ex-
perimentally determined using sensor measure-
ments. The EKF algorithm is described using
a �ow chart (Fig. 3). The input vector in the
algorithm comprises the steering angle and ver-
tical forces on the tires. According to [15], these
forces can be approximately calculated by using

Fz1 =
m

l

(
glr
2
− hcax

2
− hclray

Bf
+
h2caxay
Bfg

)
(35)

Fz2 =
m

l

(
glr
2
− hcax

2
+
hclray
Bf

− h2caxay
Bfg

)
(36)

Fz3 =
m

l

(
glf
2

+
hcax

2
− hclfay

Br
− h2caxay

Brg

)
(37)

Fz4 =
m

l

(
glf
2

+
hcax

2
+
hclfay
Br

+
h2caxay
Brg

)
(38)
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where hc is the height of the center of gravity
(CG). The vertical forces from Eqs. (35)�(38)
can be measured using the information from the
longitudinal and lateral acceleration sensors.

4. Simulation Results

Simulations were conducted in the MATLAB
and Simulink environment and linked to the
CarSim software. The CarSim vehicle model was
a full sedan; the parameters of its tires and aero-
dynamics, such as sprung mass, powertrain, and
suspension, were shown in my previous study [1].

Fig. 4: Steering wheel angle input (δ 6= 0).

In this study, the process and measurement
noise autocovariance matrices were selected as
follows:

Qk,k−1 = diag
[
QV̂x

, QV̂y
, Qγ̂ , QF̂y1

, QF̂y2
,

QF̂y3
, QF̂y4

, QF̂x11
, QF̂x12

, Q ˆ̇V y
, Qˆ̇ay

]
Rk = κTsI

where I is the unit matrix and κ is a low pos-
itive constant selected to adjust the estimation
results.

Treating the noise autocovariance matrices as
a diagonal matrix was advantageous because it
reduced computation time. For the selection
of autocovariance matrices, it should be noted
that the less the noise in sensor measurements

compared with the uncertainty in the dynamics
model, the more the states are suited to follow
sensor measurements. The vehicle was assumed
to be driven on a road with a steering input that
changed according to the steering wheel angle,
similar to that shown in Fig. 4.

Fig. 5: Vertical forces from CarSim and calculation.

Initially, based on the measurable signals of
longitudinal and lateral accelerations, the verti-
cal forces were approximately calculated using
Eqs. (35)�(38). Subsequently, these forces were
compared with the standard vertical forces of
the CarSim vehicle model as shown in Fig. 5.
Eqs. (35)�(38) were derived without considering
the camber angle and suspension dynamics. The
roll and pitch accelerations were not considered.
Furthermore, the roll and pitch axes were as-
sumed to pass through the CG. Consequently, in
Fig. 5, errors existed between the calculated ver-
tical forces from Eqs. (35)�(38) and the vertical
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forces from the CarSim vehicle model. However,
these errors were acceptable.

Fig. 6: Estimation of the four-wheel-lateral-tire forces.

Each estimate (Figs. 6�8) contained the out-
put responses of lateral forces, lateral velocity,
and the side-slip angle from the CarSim vehicle
model as the standard signals for the estimator
performance evaluation; lateral forces, lateral
velocity, and the side-slip angle from the estima-
tor when its vertical-force inputs were directly
obtained from the CarSim vehicle model; and
lateral forces, lateral velocity, and the side-slip
angle from the estimator when its vertical-force
inputs were calculated using Eqs. (35)�(38). Be-
cause di�erences in the estimator performance
levels were di�cult to observe in Figs. 6 and 8,
they were compared by calculating the RMSE
values for lateral tire forces and the vehicle side-

slip angle, using the following expression:

RMSE =

(
1

N

N∑
k=1

e(k)
2

)1/2

where N is the number of samples. In addition,
e(k) can refer to either the estimation error of
lateral tire forces eFyn

or the estimation error
of the side-slip angle eβ . These errors were ob-
tained as follows:

eFyn
= Fynest − Fyncar, (n = 1, 4)

eβ = βest − βcar
where Fynest and βest are either the lateral forces
and the side-slip angle, respectively, estimated
when the EKF algorithm inputs were the verti-
cal forces Fzn as computed by using Eqs. (35)�
(38), or the lateral forces and side-slip angle, re-
spectively, estimated when the EKF algorithm
inputs were the vertical forces from the Car-
Sim vehicle model. In addition, Fyncar and βcar
are the standard signals of the lateral forces and
side-slip angle from the CarSim vehicle model.
The results are reported in Table 1.

Tab. 1: Comparison among the estimation results ob-

tained using di�erent vertical force inputs.

RMSEs (Unit) Fzi from CarSim Calculated Fzi

RMSeFy1 (N) 90 152

RMSeFy2 (N) 109 210

RMSeFy3 (N) 97 110

RMSeFy4 (N) 104 126

RMSeb (rad) 0.0523 0.0939

Figs. 6�8 and Fig. 10 present the results of
the simulation with road and driving conditions
for which the tire�road frictional coe�cient was
0.85 and vehicle longitudinal velocity was 100
km/h. In all the simulations, using the estima-
tor with vertical-force inputs directly obtained
from the CarSim vehicle model yielded the op-
timal estimation results. The RMSE values for
all estimations (Table 1) indicated that using the
EKF algorithm inputs from the CarSim vehicle
model as vertical forces always resulted in a more
favorable performance than did using the EKF
algorithm inputs calculated using Eqs. (35)�(38)
as vertical forces. In particular, the RMSE val-
ues were low when using vertical forces calcu-
lated from Eqs. (35)�(38) and lower when using
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vertical forces from the CarSim vehicle model.
Therefore, the applied EKF algorithm was ex-
tremely e�ective in all estimations when the ver-
tical forces were modeled correctly. The �rst lat-
eral force estimates (Fig. 6) were relatively favor-
able and exhibited acceptable errors. The EKF
algorithm linearized the state and measurement
equations neighboring the predicted state as an
operating point. This may be one reason for the
errors in the lateral force estimation. Other rea-
sons may be that the rear longitudinal tire forces
were assumed to be zero in estimator design but
were not zero in practice. The lateral tire forces
were a�ected by the camber angle, which was ne-
glected in the vehicle model. In addition, errors
existed in Eqs. (35)�(38), namely in the calcu-
lation of the vertical forces, which were part of
the estimator input. Longitudinal velocity Vx
can be measured by the wheel speed sensors. In
particular, the relationship of longitudinal veloc-
ity and wheel speed variables was approximately
computed as follows:

Vx =
1

4

∑
Vn, (n = 1, 4)

where ground contact point velocity of each
wheel is

Vn = rωn, (n = 1, 4)

The lateral velocity can be obtained using
the EKF estimation algorithm in the simulation
(Fig. 7).

Fig. 7: Estimation of the lateral velocity.

In addition, the lateral velocity was also the
basis for estimating the vehicle side-slip angle by

Fig. 8: Estimation of the vehicle side-slip angle for

steering angle δ 6= 0.

using

β̂ = arctan

(
V̂y
Vx

)
(39)

The second estimate of the lateral velocity
(Fig. 7) matched the CarSim standard value al-
most exactly. This was because of the prior con-
sideration of the usage between lateral dynam-
ics from Eqs. (15) and (22) while implementing
the EKF algorithm. The �nal side-slip angle
estimate derived from equation (39) was favor-
able, being highly similar to its real value in
the CarSim model (Fig. 8). To test whether
the estimation result of vehicle side-slip angle
remained favorable for any situation of steering
angle (δ = 0 or δ 6= 0). The vehicle was assumed
to be driven on a road with a steering input
shown in Fig. 9. Fig. 10 showed that the esti-
mation result was sustained satisfactorily when
the steering angle began to change to zero and
vice versa.

5. Conclusions

This study involved applying the EKF algorithm
to estimation of immeasurable vehicle state vari-
ables, namely lateral velocity, vehicle side-slip
angle, and lateral forces. The simulation re-
sults show if the vertical forces are calculated
correctly and the EKF parameters are selected
properly, the estimation performances are im-
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Fig. 9: Steering wheel angle input (δ = 0 and δ 6= 0).

Fig. 10: Estimation of the vehicle side-slip angle for any

condition of steering angle.

proved. Moreorver, the estimation results are fa-
vorable according to variable conditions of steer-
ing angle. In future studies, algorithms such as
iterated EKF and adaptive iterated EKF can be
examined to determine whether they yield ex-
cellent estimation results. Then, future research
can consider their application for designing the
control systems and hardware-in-the-loop simu-
lations.
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Appendix A

Nomenclature
Fxn, Fyn: Longitudinal and lagged lateral tire

forces.

Fzn: Vertical force on each tire.

Bf , Br: Front and rear track widths.

M : Vehicle mass.

d: O�set from center of gravity (CG).

Iz: Mass moment of inertia about the z axis.

l: Wheelbase.

r: Wheel radius.

lf , lr: Distances from CG to front and rear
axles.

Tbn: Braking torque of each wheel.

δ: Steering angle.

δw: Steering wheel angle.

δl, δr: Left and right steering angles.

Vx, Vy: Vehicle longitudinal and lateral veloc-
ities.

ax, ay: Longitudinal and lateral accelerations.

θ: Vehicle heading angle measured from x
axis.

αn: Slip angle of each tire.

γ: Yaw rate.

β: Side-slip angle.

d: O�set from center of gravity (CG).

idn: Longitudinal skid ratio of each tire.

Cdn: Longitudinal tire sti�ness during brak-
ing.

Cn: Cornering sti�ness of each tire.

µ: Tire-road frictional coe�cient.

Vn: Wheel ground contact point velocities.

ωn: Wheel speeds.
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