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Abstract. The purpose of the present paper is
to derive several subordination, superordination
results, and sandwich results for the function of
the form f(2) = z+ Y .- o anz" which is univa-
lent in the open unit disc U ={z¢€ C:|z| < 1}
by wusing the Ruscheweyh derivative operator
RN (2) = 2+ Y0y By () anz™. Further some
of which improve on the previously best-known
results achieved for special cases of our work.
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1. INTRODUCTION

Let M = M(U) denote the class of ana-
lytic functions in the open unit disc U =
{z € C:|z| <1}. For n a positive integer and
a € C, let M [a,n] be the subclass of M consist-
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ing of functions of the form:

f(z) =a+4ap2" + ap12" T 4+

(aeC). (1)

Also, let W be the subclass of M consisting of
functions of the form:

FE) =243 an,
n=2
(an, >0, neN={1,2,3,...}) (2)
which are univalent in U.

For the function f € W given by (2) and g € W
defined by:

g(z) =2+ anz".
n=2

The Hadamard product (or convolution) of f
and f is defined by:

(f*g)(z):z+Zanbnz”:(g*f)(z).

For a real number A > —1 and f € W. The
Ruscheweyh derivative [1] of order X is denoted
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by %* f and defined as the following

1
(1- z)/\'H

=zt SiWas", ()

R (2) = f(2)

Where Sn (A) — ()\+1)(/\Ei;l2l.l..)(!)\+n71) )

From Eq.(3) we note that:

AR (2) = A+ RF (2) = ARV (2).

(4)
In 2005 Bulboaca [2], used the results of Miller
and Mocanu [3], they considered certain classes
of first order differential superordinatias, as well
as superordination-preserving integral operators
[2]. In 2004 Ali and others [4] have used the
results of Bulboaca [2] to obtain sufficient con-
ditions for certain normalized analytic functions
to satisfy

2f"(2)
f(z)

where ¢; and g5 are univalent functions in U with
q1(0) = ¢1 (0) = 1. Tuneski [5] obtained suffi-
cient conditions for starlikeness of f in the terms

=" (2f(2)
(F(2))* -
mugam and others [6,7] and Goyal and others [8]

are obtained some results using sandwich theo-
rem on certain classes of analytic functions. Also
see the References [9-11].

The main object of this work is to find suffi-
cient conditions for a certain normalized ana-
lytic function f to obtaining and proving sev-
eral subordination, superordination results and
some results depending on sandwich theorem.
The analytic function f has the form f(z) =
z+ Y. ,anz" which is univalent in the open
unit disc U = {z € C: |z| < 1}

I (z) < (W>T <13 (2),

q (2) < < q2(2),

of the quantity Recently, Shan-

z

and

(B (17 ) + (- p) wf<z>>T
151 (Z) < < l2 (Z),

z

where [; and ls are given univalent functions in
U with 11 (O) = ll (0) =1.
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In order to prove our subordination and super-
ordination we need the following definition and
lemmas.

Definition 1.1: 3| If f, ¢ € M (U), we say
that f is subordinate to g or g is said to be
superordinate to f, written symbolically f (z) <
g (2) if there exists a Schwarz function w, which
is analytic in U with w (2) = 0 and |w (2)] < 1
forall z € U, such that f () =g (w(z)), z € U.
Furthermore, if the function g is univalent in U,
then we have the following equivalence

f(z) <9(2) <= f(0) =g(0) and f(U) C g(U).

Definition 1.2: [3] Let ¢ : C* x U — C, and
h (z) be univalent in U. If k (2) is analytic in U
and satisfying the second order differential sub-
ordination:

b (k (2), 2k (2), 2%k (2) ;z) <h(z), (5
then k (z) is a solution of the differential sub-
ordination (5). The univalent function ¢ (z) is
called a dominant of the solution of the differ-
ential subordination (5) if k(z) < ¢ (z) for all
k (z) satisfying (5) . A univalent dominant ¢ that
satisfying ¢ < ¢ for all dominants of (5) is called
the beast dominant.

Definition 1.3: [3] Let ¢ C*xU —
C, and h(z) be univalent in U. If k(z) and
P (k (2), 2k (2),22k" (2) ;z) are univalent in U
and if k (2) satisfies the second order differential
superordination:

n(z) < (K220 (2), 2% (2)i2)  (6)
then & (2) is a solution of the differential superor-
dination (6) . An analytic function ¢ (z) is called
a subordinant of the solutions of the differential
superordination (6) if ¢ (z) < k(z) for all k(z)
satisfying (6). A univalent subordinant ¢ that

satisfy ¢ < ¢ for all subordinants of (6) is called
the beast subordinant.

Definition 1.4 [3] Let @ be the set of all
functions f that are analytic and injective on
UNE (f), where

B ={ecov: ym -},

and are such that f/(§) # 0 for £ € OUNE (f).
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Lemma 1.1 [3] Let ¢(z) be convex univalent
function in the open unit disk U and v, t €
C\ {0} with

2 () ¥
Re <1+ 70 +t> > 0.
If p(z) is analytic in U and
Up (2) + t2p' (2) < ¥q(2) +tzq' (2),  (7)

then p(z) < q(z), and ¢(z) is the best domi-
nant for (7).

Lemma 1.2 [3] Let ¢(z) be univalent func-
tion in the open unit disk Uand let § and ¢ be
analytic in a domain D containing ¢ (U) with
¢ (w) # 0 when w € ¢(U). Set

Q(2) =2¢ (2) p(q(2))

and

Suppose that

(i) @ is starlike univalent in U.

()Re(Q(Z)))>Oforz€U

If p (2) is analytic with p (0)
and

0(p(2))+2p" (2) 0 (P (2)) < 0(q(2))+24 (2) 0 (g ((Z)g

8
then p (z) < ¢ (z), and ¢ (z) is the best dominant
for (8).

=q(0), p(U)C D

Lemma 1.3 [3] Let ¢(z) be convex univalent
function in the open unit disk U and a € C, g €
C\ {0} with

Re (1 n Z;’,H(S)> > maz {07 —Re (g) } .

If p(2) is analytic in U and

ap (z) + Bzp’ (2) < aq(z) + Bz¢' (z),  (9)

then p(z) < q(z), and ¢(z) is the best domi-
nant for (9).

Lemma 1.4 [3] Let ¢ (z) be convex function in
the open unit disk U and g € C. Further assume
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that Re (8) > 0.Ifp(z) € H[q(2),
Bzq' (z) is univalent in U, then

q(2) + Bzq' (2) < p(2) + Bzp (2)

then ¢ (2) < p(2), and ¢(z) is the best subor-
dinant for (10).

1] and p (2)+

(10)

Lemma 1.5 [3] Let ¢(z) be convex univalent
function in the open unit disk Uand let 6 and
¢ be analytic in a domain D containing ¢ (U).
Suppose that

Z

: 9'(q(2))
(i) Re (w(Z(Z) ) > 0, forz € U.

(i) z¢' (2) ¢ (g (#)) is starlike univalent in U.

If p(z) € Hg(0),1]NQ, with p(U) € D, and
0(p(2)+2p (2) ¢ (p(2)) is univalent in U, and
(2))

0(q(2) +2q (2) 9 (q(2)) < 0(p(2)) +2p (Z)w(p(é)l))
then ¢ (2) < p(2), and ¢ (z) is the best subor-
dinant for (11).

2. Subordination Results

for R M f (2)

Theorem 2.1: Let [ be a convex univalent in
Uwithl(0)=1, 7>0, 0 #9 € C and suppose
that [ satisfies

Re {1 + le/”(g) } > max {0, —Re (%) } .

(12)
If f(2) € W, satisfies the subordination:

A1f(, A\
oo (o )] (52F)
<1l(z)+ gzl’ (), (13)
then \ .
(9‘{]2(@) <1(z), (14)
and [ (z) is the best dominant for (13).
Proof: define the function m by:
AN\
m(z) = (SRJ;()) . (15)

(© 2019 Journal of Advanced Engineering and Computation (JAEC)
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Differentiating Fq. (15) logarithmically with re- if f(z) € W, satisfies the subordination:
spect to z, we obtain:

RS (2) R ()
() _ (A1) {rrooen (S - ()
m(z) RS (2) 1+z N 209z (17)
l—z  7(1-2)%
From Eq.(4), we obtain:
\ () then N 14
zm (z) . ZR z) i 7’2,
n o (St ) ()
Therefore, and [(z) = 2= is the best dominant for (17).

, N . N1 Theorem 2.2: Let [ be a convex univalent in
ZmT(Z) Ot 1) (“ J;(Z)) (Zi" f(2) _ 1) . Uwith[(0)=1andl(z) £ 0 forall z € U, and

RAf(2) suppose that [ satisfies:
The subordination (13) from the hypothesis be- )
comes: Rel1+ ve + “(57”1 (2)
p p 9 9
1(2)+ =2l'(2) < m(2) + —zm’ (2). A
g i +(¢-1) Zé)) +5 (i))} >0, (18)

An application of Lemma 1.3, with g = g and
o = 1, the proof of Theorem 2.1, is completed. where ¢, y, v e C, 0 #9 € C and z € U.

O
Suppose that z(l (z))gfll' (z) is starlike univa-

Putting m (z) = % where —1 < B < A<1, Jentin U.

in Theorem 2.1, we obtain on the next result.
If f(z) € W, satisfies the subordination:
Corollary 2.1: Let -1 < B < A< 1, 7>

0, 0 #9 € C and G (& v, 1, BN 2) < (v =+ pl (2)) ((2))*
- +92(1(2) 1 (2), (19
Re{l BZ}>max{0,—Re<T)}, (1(2)) (2), (19)
1+ Bz J where
if f(z) € W, satisfies the subordination: G (& v, 1, BN V; 2)

{1+19()\+1) <W - 1)} <9{AJZC(2)>T _ I/(ﬂi)%kf(z)Jr(12_5)9@+1f(z))T5

1442 9(A-B)z
1+ Bz 7 (14 Bz)*

Xy _ A, T(£+1)
+M(ﬂ9%f()+(1 B)% f())

z

(16)

A A1 TE
MT(@% f(2)+ 1= B)R f(2)>

z

by T
(9% f(z)) L 1tde y (m (B (2) + (1= B) (R (2) _1>
+ )

then

z L+Bz’ BRf (2) + (1= B) "7 (2)

and [(z) = {142 is the best dominant for (16).

In Corollary 2.1, if the values of A and B are 0<p<l 7>0andz€l) (20)

1,-1; respectively, we obtain the following result: then

Corollary 2.2: Let A =1,B = -1, 7 > 59‘{’\f(z)+(1—/3)9%)‘+1f(z) T
0, 0 #9 € C and < > <1(2),

) (21)

-
max {07 —Re (5)} <1, and [(z) is the best dominant for (19).
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Proof: Define the function m by:
YM@_<mvﬂ@+a—M%“vaT

z

(22)
By setting

¥ (B) = (v + pB) BS and ¢ (B) = 9(B)* ",
0#£BeC,

we see also that ¢ (B) is analytic in C, ¢ (B) is
analytic in C — {0} and that ¢ (B) # 0. Also we
obtain

p(2) =2l (2) o (1(2) = V2(1 ()T (2),
and
g(2)=v((2) +p(2)
= (v +pl (2)) (1(2))° +92(1(2))" 1T (2).

Since [2(1(2))* 'l (2)] starlike univalent, then
o (%) is starlike univalent in U,

Re{Zgl (Z)} = Re{l—i— a3 + Ml(z)

p(2) 0 9
+(E-1) ZZII(S) + le, (S)} > 0.

The following equation can be obtained by a
straight word computation:

(v + pm (2)) (m (2)) + Vz(m (2))*"'m’ (2)
:g(f,%%ﬂa/\ﬂﬁz)v (23)
where G (&, v, i, 8, \,¥; 2) is given by (20).

From (19) and Eq. (23), we have the following
subordination:

(v + 1 (2)) (m (2))° +92(m (2))"'m’ (2)
<+ pl (2) (1) +02(0(2) 1 (2), (29)
therefore, by using Lemma 1.2, we get on:

m(z) < 1(z) and [ (z) the best dominant of (19)
O

Putting [ (z) = €%, |§] < 1 in Theorem 2.2, we
obtain the following result:

Corollary 2.3: Let |§] <1 and

Re{l—k?—ku(i;l)e‘sz—kzdf} >0,
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where & pu,ve C, 0 #9€Cand zeU.
If f(2) € W, satisfy the subordination:

g (E? v, i, ﬂ? )\7 19a Z) < (V + ,Uedz) 6562
+ 96ze (E7DI=2e02 - (25)
where G (&, v, u, B, A\, ¥; 2) is given by (20),
then

<6m*f@)+(1—ﬁ)%*“f@0>7<e&

z

and e°? is the best dominant for (25) .

Hence, for the particular case 6 = g = 1, we
have the following result:

Corollary 2.4: Let § = =1 and

Re{lJrVEJr'u(ngl)

3 3 e +z§}>0,

where & u,ve C, 0 #9e€CandzeU.
If f(z) € W, satisfies the subordination:

G (& vy 1,005 2) < (v + pe® +9z) e, (26)
Where G (&, v, pu, 1, A\, ¥; 2) is given by (20),
then \ .

(BL)
z

and e* is the best dominant for (26).

3. Superordinations
results for R f (z)

Theorem 3.1: Let [ be a convex univalent in
Uwithl(0)=1,7>0, Re(9) >0.Let f(z) €

W, satisfies (%)T eM[l(0),1]NQ, and
SIED]
)]

(27)

%AJrlf (Z)
RAS (2)

o)

be univalent in U. If

R (2)

l(z)+gzl’(z)< [1+19()\+1)( 7 ()

(1),

(© 2019 Journal of Advanced Engineering and Computation (JAEC)
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then .
I(z) < (W) , (28)
z
and [ (z) is the best subordinant for (27).
Proof: Define the function m by:
m(z) = <§R/\‘Z(Z)>T (29)

Differentiating (29) logarithmically with respect
to z, we obtain:
L IO)
ANEE) |
So by using Eq.(4), from Eq.(29), we obtain:

ey

From subordination (27), we have:

zm’ (2)

m(z)

%A+1f (Z)
RAf (2)

=m(z2)+ ;zm' (2).

1+19()\+1)<

0, 0,
L(z)+ =2l (2) < m(z) + —zm’ (2)
T T
An application of Lemma 1.4, with § = g
get the desired result.
1+Az

Putting I (z) = T where —1 < B < A<,
in Theorem 3.1, we obtain on the next result.

Corollary 3.1: Let -1 < B < A< 1, 7>
0,0 #09 € Cand Re{v} >0, let f(z) € W,

satisfies (M>T e M[(0),1]NQ, and let

(o) (22

, wWe

9%)‘+1f (z)
RAf (2)

IRRTCTRN

be univalent in U. If

1442 9 (A-B)z
1+Bz 7 (1+Bz)?
RIS (2)

RAf (2)

-<[1+19()\+1)( —1)] (WJ;(Z)y,

(30)

then

1+ Az y RN (2)\”
1+ Bz z ’

and [(z) = 14z

B is the best subordinant for
(30) .

(© 2019 Journal of Advanced Engineering and Computation (JAEC)

In Corollary 3.1, if the values of A and B are
1,-1; respectively, we obtain the following result:

Corollary 3.2: Let A =1,B=-1,7 >
0, 0 #0 € Cand Re{d} >0 Jet f(z) € W,
satisfies (%) e M[(0),1]N@Q, and let

W) ] (REN
RAf (2) z ’

[1+19()\+1)(

be univalent in U. If
1+2 29z
-z r(1- z)2
RMf (2)
R (2)

(1Y

is the best subordinant for

< {14—19()\—#1)(

then
1+z2

1—2

and [(z) = 1=
(31).

Next, we prove the following theorem by using
Lemma 1.5.

Theorem 3.2: Let [ be a convex univalent in
U with [ (0) = 1, assume that [ satisfies

Re {”51’ (2) + %z

where v,pu, & € C, 9 € C—{0} and z € U.

() (z)} >0, (32)

and that z(I (2))* "I’ (2) is starlike univalent in
U. Let f(z) € W, satisfies the condition:

(gwf(z) +(1—5) S‘i”lf(z))T € M[1(0),1]nQ,

z
where (0 < 3<1,7>0andz€U),

and G (&, v, pu, B, ¥; z) is univalent in U, where
G (& v, 1, B, \,09; 2) is given by (20). If

(v + pg (2)) (1(2))° +02(1(2))° 1 (2)

<G (& v, p, B, A, 93 2) (33)
then
1(2) < (ﬁm*f(z)ﬂlz—ﬂ)wﬂf(z) 77
(34)
437
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and [(z) is the best subordinant for (33).
Proof: Define the function m by:

<69%Af (2) + (1 — B)RALf (z))T

z

m(z) =

(35)
By setting

V¥ (B) = (v + uB) B and ¢ (B) = 9(B)*,
0 #Be€C,

we see also that ¢ (B) is analytic in C, ¢ (B) is
analytic in C — {0} and that ¢ (B) # 0. Also we
get

p(2) =2 (2) 6 (1(2)) = 02(1(2)) V' (2).

And hence, p(z) is starlike univalent in U (by
assumption),

Re { 7’5)/((;)) } - Re{’fl’ (2)

p(§+1)

+ Tl(z) I'(z) } > 0.

We get on the following Equation, if make a
straight word computation:

G (& v, 8,0, 9:2) = (v + up (2)) (m (2))°
+92(m () 'm’ (2),
(36)
G (& v, p, B, A\ 2) is given by (20).
From (33) and (36), we have the following rela-
tion:
(v +pq (2)) (1(2))° +92(1 () (2)

< (v + pm (2)) (m (2))* +92(m (2)""'m’ (),
(34)

where

therefore, by using Lemma 1.5, we get on:

m(z) <
(33). O

Putting [ (z) = €%, 6] < 1 in Theorem 3.2, we
get the following result:

Corollary 3.3: Let |§] <1 and

Re{yg(seéz—l—’u(g;;l)5626z}>0,

[(z) and [(z) the best subordinant
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where & p,ve C, 0 #9€Cand zeU.
If f(2) € W, satisfies the superordination:
(V + ue‘b) ™% +920¢° ¢V < G (€ v, 1, B, N, s 2)

(37)
Where G (¢, v, i, B, A\, ; 2) is given by (20),

then
(BWf (2) + (L= )y (z))T <o

z

and %% is the best subordinat for (37).

Hence, in the particular case § = 8 = 1, we have
the following result:

Corollary 3.4: Let § = =1 and

Re {V;ez + N(i;l)ezz} >0,

where & p,ve C, 0 #9€Cand zeU.
It f(2) € W, satisfies the superordination:

(V + Mez) 652 + ﬁze(ﬁ—l)z < g (67 v, ,U/757 )‘719; Z)

(38)
where G (&, v, u, 1, A, 9; 2) is given by (20),
then \ .
(LY.

and e” is the best subordinat for (38).

4. Sandwich results

Combining Theorem 2.1 with Theorem 3.1 and
Theorem 2.2 with Theorem 3.2, we arrive at the
following sandwich result.

Theorem 4.1: Let I (2) and I3 (2) be convex
univalent functions in U with I; (0) = I3 (0) =
1. Let I3 and Iy satisfies Re(¥) > 0 and

R€ {1 + z;/(i;)
tively, where 7 > 0, 0 £ 9 € C. Let f(2) € W,
satisfies

} > max {0, —Re (%)} respec-

(W)T e M[1(0),1]NQ,
and
{1+19()\+1) <W - 1)] (W];(Z)y

(© 2019 Journal of Advanced Engineering and Computation (JAEC)
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be univalent in U. If
lhi(2) + gzlll (2)
RMf (2)
R (2)

< {1—%19(/\—&-1)(

DIES)

<la(z)+ gzlé (),

I (2) < <W>T <13 (2)

z

then

and [y (2), l2(z) are respectively, the best sub-
ordinant and the best dominant.

Theorem 4.2: Let [; (z) and be I3 (z) a convex
univalent functions in U with [; (0) =I5 (0) = 1.
Let I; and Iy satisfies the Inequality (15) and the
Inequality (29) respectively, and let f (z) € W,
satisfies the condition:

BRM () + (1= B R F(2)\T
( )

z

e MILINQ,

where (0 <8< 1, 7>0andzeU),
and G (&, v, pu, 8, A\, ¥; 2) is univalent in U, where
G (& v, 1, B,\,0;2) is given by (20). If
(v + il (2)) (1 (2))° +92(11 (2))° 7 (2)
=G (& v p, BN 05 2)
< (v p2 (2)) (2 (2)° + 92(012 (2)) 715 (2),
then

XF(y . A1,
)< (ERLELH AW

z

)T < 1l (2)

and l; (z), l2(2) are respectively, the best sub-
ordinant and the best dominant.
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