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Abstract. This survey-cum-ezpository re-
view article is motivated essentially by the
widespread usages of the operators of fractional
calculus (that is, fractional-order integrals and
fractional-order derivatives) in the modeling and
analysis of a remarkably large variety of applied
scientific and real-world problems in mathemat-
ical, physical, biological, engineering and sta-
tistical sciences, and in other scientific disci-
plines. Here, in this article, we present a brief
introductory overview of the theory and applica-
tions of the fractional-calculus operators which
are based upon the general Fox-Wright function
and its such specialized forms as (for example)
the widely- and extensively-investigated and po-
tentially useful Mittag-Leffler type functions.
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1. Introduction and
motivation

The idea of fractional calculus (that is, calcu-
lus of integrals and derivatives of any arbitrary
real or complex order) has apparently and essen-
tially stemmed from a question raised in the year
1695 by Marquis de I'Hopital (1661-1704) to
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Gottfried Wilhelm Leibniz (1646-1716), which
sought the meaning of Leibniz’s (currently pop-
ular) notation

d"y

da™
for the derivative of order n € Ny := {0,1,2,---}
when n = 1 (What if n = 17?). In his re-
ply, dated 30 September 1695, Leibniz wrote to
I’Hopital as follows:

“... This is an apparent paradox

from which, one day, useful conse-
quences will be drawn. ---"

In recent years, the subject of fractional cal-
culus, as a calculus of integrals and derivatives
of any real or complex order, has gained con-
siderable popularity and importance, which is
due mainly to its demonstrated applications in
the modeling and analysis of applied problems
and real-world situations occurring in numerous
seemingly diverse and widespread fields of sci-
ence and engineering. It does indeed also pro-
vide several potentially useful tools and tech-
niques for solving differential and integral equa-
tions, and various other problems involving spe-
cial functions of mathematical physics as well
as their extensions and generalizations in one
and more variables. In a wide variety of appli-
cations of fractional calculus, one requires frac-
tional derivatives of different (and, occasionally,
ad hoc) kinds (see, for example, [42] to [47],
[68], [74], [94], [95], [115], [126], [143], [147] and
[148]). Traditionally, fractional-order differen-
tiation and integration are defined by the right-
sided Riemann-Liouville fractional integral oper-
ator RLTY and the left-sided Riemann-Liouville
fractional integral operator ®L1* | and the cor-
responding Riemann-Liouville fractional deriva-
tive operators MDY and RFDE_ | as follows
(see, for example, [30, Chapter 13], [54, pp. 69—
70] and [93]):

(1) @) = o | S @de (1)

(x> a; R(u) >0),
(1) @) = s [ (-2 f0a @)
(z < a; R(w) >0)
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and

(Dif) 0 = (44) (LN @ ®

(R () 2 05 n = [R(p)] +1),

where the function f is locally integrable, R (u)
denotes the real part of the complex number
@ € C and [R(p)] means the greatest integer
in R (1), and I'(z) denotes the classical (Euler’s)
Gamma function defined by

/Oo ettt dt, (R(z) >0)
0

[(z) := I'(z+mn)

n—1

I1 (z+7)

Jj=0

, (2€C\Z;; neN),
0

(4)

which happens to be one of the most funda-
mental and the most useful special functions
of mathematical analysis, N and Z; being the
sets of positive and non-positive integers, respec-
tively.

An interesting family of generalized Riemann-
Liouville fractional derivatives of order p (0 <
@< 1) and type v (0 < v < 1) were introduced
recently as follows (see [42], [43] and [44]; see
also [46], [47] and [94]).

Definition 1. The right-sided Hilfer fractional
derivative D7 and the left-sided Hilfer frac-

tional derivative D% of order p (0 < pu < 1)
and type v (0 = B < 1) with respect to = are
defined by

("Dex f) (@)
= (1 L () ) @), 6)

where it is tacitly assumed that the second
member of (5) exists. The generalization (5)
yields the classical Riemann-Liouville fractional
derivative operator when v = 0. Moreover, for
v =1, it leads to the fractional derivative oper-
ator introduced by Liouville [64, p. 10], which
is quite frequently attributed to Caputo [23],
but which should more appropriately be referred
to as the Liouville-Caputo fractional derivative,
giving due credits to Joseph Liouville (1809-
1882) who considered such fractional derivatives
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many decades earlier in 1832 (see [64]). Many
authors (see, for example, [68] and [147]) called
the general operators in (5) the Hilfer fractional
derivative operators. Several applications of the
Hilfer fractional derivative operator Dg‘f can in-
deed be found in [44] (see also [103] and [104]).

In this survey-cum-expository review article,
our main objective is to present a brief intro-
ductory overview of the theory and applications
of the fractional-calculus operators which are
based upon the general Fox-Wright function and
its such specialized forms as the widely- and
extensively-investigated and potentially useful
Mittag-Leffler type functions.

2. The Fox-Wright
function and related
Mittag-Leffler type
functions

In this section, we begin by introducing the gen-
eral Fox-Wright function ,¥, (p,q € Ny) or
»¥; (p,q € No), which happens to be the Fox-
Wright generalization of the relatively more fa-
miliar hypergeometric function ,F, (p,q € Np),
with p numerator parameters aq,---,a, and ¢
denominator parameters by, - - - , b, such that

(j=1,---,p) and b; € C\ Z,

All of these specialized higher transcendental
functions are, in fact, widely and extensively in-
vestigated because mainly of their potential for

applications in the mathematical, physical, en-
gineering and statistical sciences.

ajGC

Definition 2. The general Fox-Wright function
»¥q (p,q € Ng) or U7 (p,q € No) is defined
by (see, for details, [29, p. 183] and [128, p. 21];

see also [54, p. 56], [51, p. 65] and [125, p. 19])

(alaAl) y a(a‘vap) )

*
p\I/q z
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_ T(by) T (by)
- T(a1)--T(ap)
(alvAl)v '7(a;07AP);
p¥q 215
(blaBl)v"' a(bquq)§
(6)
where
§R(‘AJ)>O (.7:17 7p)7
R(Bj) >0 (j=1,-,9);

q p
1+%(§:Bf—2}%>20
j=1 j=1

and in what follows, (A), denotes the general
Pochhammer symbol or the shifted factorial,
since

(1), =n! (n € Ng:=Nu{0}; N:={1,2,3,---}),

which is defined (for A, v € C and in terms of
the above-defined familiar Gamma function in
the equation (4)) by

1 (v=0;AeC\{0})

(), = F'A+v)
YETT) ) A+ (A1)
(v=neN;XeC),
(7)
it being assumed conventionally that (0)g := 1

and understood tacitly the the I'-quotient exists.
Here we suppose, in general, that

a;;A;€C (j=1,---,p)
and

bj,Bj eC (] =1,--- ,q)

and that the equality in the convergence condi-
tion holds true only for suitably bounded values
of |z| given by

p q
el<ve= (T4 ) (1187
j=1 j=1

Clearly, the above-mentioned generalized hy-
pergeoemtric function ,F, (p,q € Np), with p
numerator parameters ai,- - ,a, and ¢ denom-
inator parameters bq,---,b,, is a widely- and
extensively-investigated and potentially useful
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special case of the general Fox-Wright function
2Py (p,q € Ng) when

Aj:]- (j:]_v...’p)
and
Bj:1 (lea 7q)7
given by
e ] (), ),
F, z| = n Pln Z_
S I P M e i
(0'171)a"'7(a/p71)7
= ¥ z
(b171)a"'7(bqvl);
_ D(b)--D(by)
I'(a1)---T'(ap)
(041,1)7"',((11,,1);
p¥q Z (8)

(bl,l)v"' 7(bq’1)§

We turn now to the familiar Mittag-LefHler
function E,(z) and its two-parameter version
E, (%), which are defined, respectively, by (see
[71], [150] and [150])

Eo(z) = kz:: Tlak+1) (9)

0

(z,a € C; R(a) > 0)

and

Eap(z) =) Tk T F) (10)

k=0

(z,a,ﬂ €C; R(a) > O).

The one-parameter function E,(z) was first
considered by Magnus Gustaf (Gosta) Mittag-
Leffler (1846-1927) in 1903 and its two-
parameter version E, g(z) was introduced by
Anders Wiman (1865-1959) in 1905 (see also
[100]).

The Mittag-Leffler functions FE, (z) and
E. g (z) are natural extensions of the exponen-
tial, hyperbolic and trigonometric functions. In-
deed, it is easily verified that

E\(z)=¢7, Ey (22) = cosh z, By (—z2) = cos z,
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7 -1 inh
¢ and EQVQ(ZQ) = S Z.

ELQ(Z) = >

For a reasonably detailed account of the various
properties, generalizations and applications of
the Mittag-LefHler functions E, (z) and E, g (2),
the reader may refer to the recent works by (for
example) Gorenflo et al. [36], Haubold et al.
[40] and Kilbas et al. ([52], [53] and [54, Chapter
1]). The Mittag-LefHler function E, (z) given by
(9) and some of its various generalizations have
only recently been calculated numerically in the
whole complex plane (see, for example, [48] and
[96]).

In a remarkably large number of recent inves-
tigations, the interest in the families of Mittag-
Leffler type functions has grown considerably
due mainly to their potential for applications
in some reaction-diffusion and other applied sci-
ences and engineering problems. Moreover, their
various extensions and generalizations appear in
the solutions of fractional-order differential and
integral equations (see, for example, [103]; see
also [32] and [122]). The following family of the
multi-index Mittag-Leffler functions:

By ne [(ay, Bji)jer; z]

was considered and used as a kernel of some
fractional-calculus operators by Srivastava et al.
(see [113] and [114]; see also the references cited
in each of these papers):

JK,0,€ m .
E?aj,ﬁj)m [2] = By e [(0, )71 2]

v Wen @en 2"

L n!
n=0 Hl F(Oljn + 5])
j=

(11)

(aja/ij’Y7Ha§7€ € (Cv §R(Oéj) > 0(.] = 17 7m)a

m
5}%( > aj> > R(k +¢) —1),
j=1
where the general Pochhammer symbol ()), is
defined above by (7).

In terms of the general Fox-Wright function

»¥q (g € No) or ,V¥> (p,q € Ng), which

is given by (6), it is easy to observe from the
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definition (11) that

B0 [ = Bye (03850037
1
CT(B1) - T(Bm)
(77 [i) ) (6a 6) )
: 2\]:1:?7, z
(61, al) P (671% am) ;
1 v (v,6), (6, €);
= — m z
F(V)F((S) i (/Blaal)v"' 7(/Bma0¢m) 5

(12)

under the parameter and argument constraints
which would correspond appropriately to those
that are already listed with the definitions (6)
and (11).

We list below some of the special cases of the
multi-index Mittag-Leffler function:

By e [(ay, Bi)je; 2],

which include (for example) the following exten-
sions and generalizations of the Mittag-Leffler
functions E,(z) and E, g(z):

(i) In light of the relation between the Gamma
function and the Pochhammer symbol in (7), the
case when m =2, =e=1, Kk =¢q, a1 = «q,
B1 = B, and as = p, and fo = §, the definition
(11) would correspond to the following relation-
ship:

v,0, _ - (’Y)qn z"
B2 = 2 ot 5 O
1 (%q)v(lvl)§
“re :
(B,a),(5,p);
_ ING) 0 (v,9),(1,1); .
o) (B,a), (5,p):;

with the Mittag-Leffler type function E’ ?31( ),
which was considered by Salim and FaraJ [92].

(ii) A special case of the multi-index Mittag-
Leffler function defined by (11) when m = 2
can be shown to correspond to the Mittag-Leffler
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function E](2):

E"/Jﬂ = -

1 - (’Ya“);
= < 1 z
L'(B) ! I (B,a); |
[ (v,85); ]
1
=11 Z]|,
O | (8.a);

which was introduced by Srivastava and To-
movski [147] (see also [148]).

(iii) For m = 2 and k = 1, the multi-index
Mittag-Leffler function defined by (11) would
correspond readily to the Mittag-Leffler type
function E] 4(z):

n

o Z I( om+6) jz'
| s
T i (B,a); )
1 (v 1);
= 7 e, z|,  (13)

which was studied by Prabhakar [84].

For a large number of other Mittag-Leffler
type functions, which are essentially contained
in (or analogous to) the general Fox-Wight func-
tion ¥*(z) or ¥(z) defined by (11), the inter-
ested reader should be referred to the recent
works [103], [113] and [114] (see also [142]).

Various special higher transcendental func-
tions of the Mittag-Leffler and the Fox-Wright
types are known to play an important role in
the theory of fractional and operational calculus
and their applications in the basic processes of
evolution, relaxation, diffusion, oscillation, and
wave propagation. Just as we have remarked
above, the Mittag-Leffler type functions have
only recently been calculated numerically in the
whole complex plane (see, for example, [48] and
[96]; see also [1] and [78]). Furthermore, several
general families of Mittag-Leffler type functions
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were investigated and applied recently by Srivas-
tava and Tomovski [147]).

In a series of monumental works (see, for ex-
ample, [152], [153] and [154]), Sir Edward Mait-
land Wright (1906-2005), with whom I had the
privilege to meet and discuss researches emerg-
ing from his publications on hypergeometric and
related functions during my visit to the Univer-
sity of Aberdeen in the year 1976, introduced
and systematically studied the asymptotic ex-
pansion of the following Taylor-Maclaurin series
(see [152, p. 424]):

R S () N
(04,6 e C; R(a) > 0),

where ¢(t) is a function satisfying suitable con-
ditions. Wright’s above-cited papers were mo-
tivated essentially by the earlier developments
reported for simpler cases by Magnus Gustaf
(Gosta) Mittag-Leffler (1846-1927) in 1905,
Anders Wiman (1865-1959) in 1905, Ernest
William Barnes (1874-1953) in 1906, Godfrey
Harold Hardy (1877-1947) in 1905, George
Neville Watson (1886-1965) in 1913, Charles
Fox (1897-1977) in 1928, and other authors.
In particular, the aforementioned work [19] by
Bishop Ernest William Barnes (1874-1953) of
the Church of England in Birmingham consid-
ered the asymptotic expansions of functions in
the class defined below:

oo n

(8) (g 0) o °
Ef)(si2) =) (n+ k)* T(an + f)

n=0

(a,ﬁ € C; R(a) > O)

(15)

for suitably-restricted parameters x and s. It is
easy to deduce, from the definition (15), the fol-
lowing relationships with the Mittag-Leffler type
function Eg% (s;z) of Barnes [19]:

Eo(z) = lm {EX)(s2)}  (16)
and

Fas(z) = lim {ES)(s:2)} . (17)
140

More interestingly, we also have the following
relationship:

: () (. } _ 1
(ilg}){Eaﬁ(s’Z) T(5) D(z,s,kK)
with the classical Lerch transcendent (or the
Hurwitz-Lerch zeta function) ®(z,s, ) defined
by (see, for example, [29, p. 27, Eq. 1.11 (1)];
see also [118, p. 121, et seq.])

B(z,8,K) == ZB (nZTnn) (18)

(k€ C\Zy; s € C when [z] <1; R(s) > 1 when
|z| =1).

The Hurwitz-Lerch zeta function ®(z,s, k) de-
fined by (18) contains, as its special cases, not

only the Riemann zeta function ((s) and the
Hurwitz (or generalized) zeta function ((s, k):

((s) =Y oo = 0(1,5,1), (19)

1

= ®(1, 5, K)
ACETS

(20)

and the Lerch zeta function ¢4(&) defined by (see,
for details, [29, Chapter I] and [118, Chapter 2])

0o .
e?nﬂ'lf

() = Z ns

n=1

=2 @ (™, 5,1) (21)

(i=v-1; £eR; R(s) > 1),

but also such other important functions of An-
alytic Number Theory as the Polylogarithmic
function (or de Jonquiére’s function) Lis(2):

(oo}

Lis(z) := Z A d(z,s,1)

n=1

(22)

(s € C when |z| < 1; R(s) > 1 when [z| =1)

and the Lipschitz-Lerch zeta function (see [118,
p. 122, Eq. 2.5 (11)]):

o .
€2n71'1§

ANIOEDY CESSL

n=0

=0 (e%i&, s, m) = L(s,k) (23)
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(k€ C\Zg; R(s) >0 when £€R\Z;

R(s) >1 when £€1Z),

which was first studied by Rudolf Lipschitz
(1832-1903) and Matyas Lerch (1860-1922)
in connection with Dirichlet’s famous theorem
on primes in arithmetic progressions (see, for
details, [105] and [106]).

Asymptotic expansions of such functions as
those in the class of the Mittag-Leffler type func-
tion E( )(s z) defined by (15), and the classi-

cal Mlttag Leffler functions E,(z) and E, g(z)
defined by (9), were discussed by Barnes [19],
as we have indicated above. Moreover, as al-
ready pointed out categorically and repeatedly
in many subsequent publications including (for
example) the one by Srivastava et al. [144,
p. 503, Eq. (6.3)] for the following “general-
ized" M-series introduced recently by Sharma
and Jain [97] by

o,
qu(al, ap;bla bq; )
= (a)k - (ap)k ZF
_kzzo (01)k -~ (bg)x T'(ak + )
1
)
[ (a171)7"' 7(ap51)7(171);
p+1\1’2+1 z
(b1,1)7-" 7(bq’1)7(ﬁ70‘)3
() T(by)
I(ay)---T(ap)
(a1’1)7 ’(apvl)’(Ll);
“p+1¥qt1 z
(blal)v"' a(btbl)a(ﬂva);

(24)

the last relationship in (24) exhibits the fact
that the so-called generalized M-series is, in
fact, an obvious (rather trivial) variant of the
Fox-Wright function W} defined by (6).

A natural unification and generalization of the
Fox-Wright function ,W; defined by (6) as well
as the Hurwitz-Lerch zeta function ®(z, s, k) de-
fined by (18) was indeed accomplished by intro-
ducing essentially arbitrary numbers of numer-
ator and denominator parameters in the defini-

(© 2021 Journal of Advanced Engineering and Computation (JAEC)

tion (18). For this purpose, in addition to the
symbol V* defined by

p q ‘
Lo ) - {1le7 ). @)
j=1 j=1
the following notations will be employed:
A=) 0= p; (26)
j=1 j=1
and
: z P—q
Bi=msd m- ) Nt (27)

Then the extended Hurwitz-Lerch zeta function

(P10 Ppio1,50q)
AL Api s s

is defined by [144, p. 503, Equation (6.2)] (see
also [101] and [119])

(z,8,K)

@E\’: ppp:ll (Z,S,K)
P
o T_I( i)np; n
= = (28)
q n_’_,{ s
n=0n! . 1:[ (,U])ncr] ( )
(pvq € No; \j € C(j =1,---,p); Ky €

C\ Zy
1

(] = ]_7...’q); Pi, Ok S R+ (] =
ooy p k=1,-+-,q);A > —1 when s,z € C;

A=-1 and s € C when |z| < V7"
1
A=-1 and R(E) > 3 when |z| = V*).

For an interesting and potentially useful fam-
ily of A-generalized Hurwitz-Lerch zeta func-
tions, which further extend the multi-parameter
Hurwitz-Lerch zeta function

q)(m,--wpp;al ,0q)

ALy, ApiHe,t g (Z 8 H)

defined by (28), was introduced and investi-
gated systematically in a recent paper by Sri-
vastava [102], who also discussed their poten-
tial application in Number Theory by appropri-
ately constructing a presumably new continuous
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analogue of Lippert’s Hurwitz measure and also
considered some other statistical applications
of these families of the A-generalized Hurwitz-
Lerch zeta functions in probability distribution
theory (see also the references to several related
earlier works cited by Srivastava [102]).

Remark 1. If we set

s=0, p—~p+1
(p1==pp=17 )\p+1:pp+1:]‘)
and
q—q+1
(0’1:~-':O'q:1; ,Uq-‘,-lzﬂ; 0q+1:O‘)7

then (28) reduces immediately to the M-series
in (24).

Remark 2. If, in Wright’s definition (14) of
1940 in [152], we set « = 3 =1 and

p
[I T'(a; + Ajn)
=1

$(n) = (neNo) (29)

ktj»e |

F(bj + B]Tl)

Jj=1

or, alternatively, if we let « — 0, 8 =1 and

p
I(a; + Ajn)
=1

$(n) = ——
n!- [T T'(b; + Bjn)

j=1

(neNo) (30)

or, more simply, if we put

L(an+ ) f[l I(a; + Ajn)

¢(n) = 7
n!- [1 T'(b; + Bjn)

Jj=1

(n € No),

(31)

then (14) would immediately yield the familiar
Fox-Wright hypergeometric function ,¥,(z) de-
fined by (6).

Finally, in this section, we introduce the fol-
lowing interesting unification of the definitions
in (14) and (28) for suitably-restricted function

o(7):

. _ ZOO ¢(n) .
5(1,5(()03 28D H) T ~ (7’L + KJ)S F(om + 6) z
(32)

(a,,@’ eC; R(a) > O),
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where the parameters «, 8, s and k are appro-
priately constrained as above.

Remark 3. Clearly, if we replace the sequence
{p(n)}>2, in the definition (32) by the sequence
{#(n)}22,, we have

Ca5(032) = lim {€a 5(p52,5,8)} [ - (33)

Moreover, if in the definition (32), we set o =
6 =1 and

()‘j)nﬁj

(n € Np), (34)

5,
z
Il
e[

(Nj)nvj

<
Il
—

then the definition (32) will immediately yield
the definition (28) of the extended Hurwitz-
Lerch zeta function

10q)
ApiHLs g

(P15 ,pp301,

Ao (2,8, K).

Alternatively, in the special case of (32) when
a—0,8=1and

fll()‘j)npj
o(n) = J—q—
n!- ] (Nj)naj

j=1

(neNo)  (35)

or, more simply, when we set

Dan+8) 1 (),
p(n) = —

b I (1),

J=1

(n S NQ)7 (36)

we are led to the extended Hurwitz-Lerch zeta
function

@(Plf" ;Pp301,° 0 ,0q
Aryee q

)
AP, S (Z’ ol H)

defined by (28).

3. Fractional-Calculus
Operators with
Eaplp; 2, 5,Kk) as the
Kernel

We begin this section by remarking that, not
only the Fox-Wright hypergeometric function

(© 2021 Journal of Advanced Engineering and Computation (JAEC)
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»¥,(2) defined by (6), but also much more
general functions such as (for example) Meijer’s
G-function and Fox’s H-function, have already
been used as kernels of many different families
of fractional-calculus operators (see, for details,
[125]. [126] and [142]; see also the references
cited in each of these earlier works). As a matter
of fact, Srivastava et al. [126] not only used
the Riemann-Liouville type fractional integrals
with the Fox H-function and the Fox-Wright
hypergeometric function ,¥,(z) as kernels, but
also applied their results to the substantially
more general H-function (see, for example, [22]
and [130]).

Wright’s function €&, g(¢;z) in (14), which
was introduced in [152] in 1940, has appeared
recently in [86] in connection with fractional cal-
culus, but without giving due credits to Wright
[152]. Here, in this section, we begin by the
following general family of operators of frac-
tional integrals and fractional derivatives of the
Riemann-Liouville kind, which involve the func-
tion &, 5(; 2, 8, k) in their kernel.

Definition 3. The general right-sided frac-
tional integral operator I}, (¢;s,x) and the
general left-sided fractional integral operator
I (p;2,8,k,v), and the corresponding frac-
tional derivative operators D}, (¢; z, s, &, ) and
DY (p; 2,8, K,v), each of the Riemann-Liouville
type, are defined by

(Zo (93 2,8, 5, ) f) ()
I e
7/,1 I(p) Eap(ei2(@—1)" 5, r) f(D)dt
(37)
(z > a; R(n) > 0),
(Zh (32,5, 5,0)f) ()

a — pu—1
= [ Sl ) ) oy

(38)
(z < a; R(n) >0)
and
(Dhy (g5 2,8,k,0)f) (z)

_ <i(§6>n (T (0 28k )f) (2)(39)
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(R (1) 2 0; n = [R(w)] +1),

where the function f is in the space L(a,b) of
Lebesgue integrable functions on a finite closed
interval [a, b] (b > a) of the real line R given by

b
L(a,b) = {f: 1£1y :/ If(w)|d$<00},
(40)

it being tacitly assumed that, in situations such
as those occurring in conjunction with the us-
ages of the definitions in (37), (38) and (39), the
point a in all such function spaces as (for ex-
ample) the function space L(a, b) coincides pre-
cisely with the lower terminal a in the integrals
involved in the definitions (37), (38) and (39).

Remark 4. It is easily seen from the definition
(32) that

d {m“_l Ea ((p; zx¥, s, Ii)}

dxm
= gph—n— 1

_ = (k) T'(vk+ ) ( ,,)k
P (k+ &) T(ak + B) T'(vk+ p—n)
(41)
(n € No; R(p) > 0; R(v) > 0; R(a) > 0),
which, in the special case when = fand v = «,
yields
dn B—1 . «
Fpn {;v ang(go,zx ,57/{)}
= gf—n-1 Eap—n (gp; zx®, s, /@)
(n € No; R(a) > 0; R(B) > O),

provided that each member of the equations (41)
and (42) exists.

Remark 5. Upon setting
J {t’“l Eap (gp; zt¥ ) s, /-@)} (x)
= / =t Ea,g(go;zt”,s,/ﬁ) de, (43)
0

if we make use of term-by-term integration in
conjunction with the definition (32), we find that

3 {t‘“l EaB ((p; 2t¥, s, H)} (2)

(42)

- = o(k)
N kZ:O (k + k)s T(ak + 3)

L(vk + p) oy
] (22")

P 44
D(vk+p+1 (44)
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(R(k) > 0; R(v) > 0; () > 0).

provided that the integral exists. By iterating
this process of integration n — 1 times for n € N,
we are led eventually to the following integral
formula:

Jn {t“_l Ea,p (gp; 2t s, H)} (x)

= M n—1 — (p(k)
= I;)(k—k/{)s T'(ak + B)

Fvk+p+n—1)
L(vk + p+n)

(n € N; R(p) > 0; R(v) > 0; R(a) > 0).

In particular, when 4 = 8 and v = «, we find
from (45) that

Jn {t’B_l Ea.p (cp; 2t s, KJ)} (x)

= gfhtrn-1 8a7ﬂ+n(<p;zxa,s,m) (46)

(z2") y (45)

(n € N; R(a) > 0; R(8) > 0),

provided that each member of the equations (45)
and (46) exists.

Remark 6. In terms of the operator £ of the
Laplace transform given by

LAf(T):5}:= /0°° e " f(r)dr =: F(s) (47)
(R(s) > 0),

where the function f(7) is so constrained that
the integral exists, it is easily seen for the func-
tion £q 8 (cp; Z, 8, /{), defined above by (32), that

L {7'“_1 Ea.B (gp; 27", s, ,‘i) : 5}

1 o o(k) T(vk+p) Z\*
T sk k+ k) T(ak + ) (?) (48)

=
(R(s) > 0; R(p) > 0; R(v) > 0; R(a) > 0),

provided that each member of (48) exists. Ob-
viously, when © = 8 and v = «, the Laplace
transform formula (48) simplifies to the follow-
ing form:

E{Tﬁfl gaﬁ((p;ZTa,S,Ii) :5}
L& plk) oz
T oan kz:;)(k—km)s (?a) (49)

(R(s) > 0; R(a) > 0; R(B) > 0).
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Remark 7. By appropriately applying the
Laplace transform formula (48) in conjunc-
tion with the definition (39), it is not diffi-
cult to deduce the Laplace transform formula
for the generalized fractional derivative of the
Riemann-Liouville form given by (39). The gen-
eralized fractional derivative of the Liouville-
Caputo form involving the general function
Ea,p(; 2,5, K), given by (32), can indeed be de-
fined and handled analogously. For the sake of
brevity, we choose to leave the details involved
in these derivations as an exercise for the inter-
ested users of such types of generalized fractional
derivatives.

By applying the limit formula (33) or, al-
ternatively, if we make use of the definitions
n (14) and (47), we find for Wright’s function

€..5(¢;2) that

L {T”71 ¢, [3(90; ZTV) '5}
(k) T(wk+p) (2z\*
e Z (57) (50)

ak +5)
(R(s) > 0; R(p) > 0; R(v) > 0; R(a) > 0),

which, in the special case when v = a and . = f3,
yields

L7 € p(p;27%) 5}
1 «— zZ\F
= 200 ()

(R(s) > 0; R(er) > 0; R(B) > 0).

(51)

Furthermore, if we choose the general se-
quence {p(n)}>2, as follows:

(Mn
n!

p(n) = (n € No),

(n+r)°

then this last Laplace transform formula (49)
reduces to a known result in the form given by
(see [84]):

(o maten o} 5 DG ()
5“/6;6

NGEEI

(R(s) > 0; R(a) > 0; R(B) > 0; ),
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where the Mittag-Leffler type function E] ;(z)
is defined by the equation (13). More generally,
if the sequence {p(n)}52, is given by (35), then
the Laplace transformation formula (52) would
yield the following result:

—1 g (P1y o .Ppio1,0q) (v .
L'{T” 3% p B (ZT ,S,Ii) .5}

s APIHL, g
LT g (2N
Gh BoALy e Apipiny e g\ gr )

(R(s) > 0; R(p) > 0; R(v) > 0; R(a) > 0)
for the extended Hurwitz-Lerch zeta function

(I)(pl,--- PpiO1, e Tq)
A1,ee

JApIHL s g (Z’S’K)

defined by (28).

In solving various applied problems, which are
modeled as initial-value problems for fractional
differential equations involving special cases of
the fractional-calculus operators given by Defi-
nition 3, use is made of the Laplace transform
method based upon such Laplace transform for-
mulas as those listed in Remark 6.

4. Fractional-order
modeling and analysis
of initial-value problems

In this section, we present several examples
which would illustrate the fractional-order mod-
eling and analysis of a variety of initial-value
problems involving ordinary and partial differen-
tial equations. For simplicity and convenience,
we consider the case a = 0 of the definitions
given by the equations (1), (2) and (3) as fol-
lows:

T pn—1
(I8 ) (2) = /0 @ F(Z) fdt  (54)
(z>0; R(p) >0),
a — p—1
(rp )@ = [ rw e 69
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and

(D) @) = (£47) (B0 @) 69

(R () 2 05 n = [R(p)] + 1),

where, as before, the function f is locally inte-
grable, 3 (1) denotes the real part of the com-
plex number p € C and [R (¢)] means the great-
est integer in R (p). Thus, for the Riemann-
Liouville fractional derivative operator Dy, of
order p in the definition (56), it is easily seen
that

(n—1<R(p) <n; neN),

where L is the operator of the Laplace transform
given by (47). However, for the ordinary deriva-
tive f(")(t) order n € Np), it is known that

E{f(")(t) :5}

n—1
=s" F(s) — Zsk AN () (n € Ny)
k=0 t=0
(58)
or, equivalently, that
c {f(”)(t) : 5}
n—1
=s" F(s)— Zs”_k_l FHE(0+) (n e Ny),
k=0
(59)

where, as well as in all of such situations in this
paper, an empty sum is to be interpreted as 0.

Clearly, from the Laplace transform formu-
las (57) and (58), it is observed that the ini-
tial values such as those that occur in (57) are
usually not interpretable physically in a given
initial-value problem. Besides, unfortunately,
the Riemann-Liouville fractional derivative of a
constant is not zero. These and other situa-
tions and disadvantages are overcome at least
partially by means of the Liouville-Caputo frac-
tional derivative which, as we indicated in the
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introductory Section 1, was considered in an ear-
lier work dated 1832 by Joseph Liouville (1809
1882) [64, p. 10] and which has arisen in several
important recent works, dated 1969 onwards, by
Michele Caputo (see, for details, [82, p. 78 et
seq.]; see also [54, p. 90 et seq.]).

In many recent works, especially in the the-
ory of viscoelasticity and in hereditary solid me-
chanics, the following definition dated 1832 of
Liouville [64] and dated 1969 of Caputo [23] is
adopted for the fractional derivative of order
1> 0 of a causal function f (t), that is,

f)y=0  (t<0),

given by
d“

— @} = (DL f) (2)
FO(x) (p=mn e No)

= 1 P ARRO) (60)
I'(n— ,u)/o (z —t)* ! a
(n—1<R(x) <n; neN),

where
[R(p)] +1 (1 # No)
n= (61)
K (:u € N0)7

f(t) denotes, as before, the usual (ordinary)
derivative of f(t) of order n and I is the familiar
(Euler’s) Gamma function.

One can apply the above-introduced notion
in order to model and analyze some basic situa-
tions in applied mathematical and physical sci-
ences, which are treated by simple, linear, ordi-
nary or partial, differential equations, since [see
the equation (57) and the definition in (60)]

£{(*°DEs 1) (@) : s}
= §"F (s) — nz_js“—’“‘lf““) (0+)  (62)
k=0

(n—1<a<n;neNy),

which, just as the Laplace transform formu-
las (58) or (59), is obviously and practically
more suited for initial-value problems than the
Laplace transform formula (57) (see, for details,
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the recent article Gorenflo et al. [36], and also
the monographs by Podlubny [82] and Kilbas et
al. [54]).

The following
Riemann-Liouville fractional derivative
and the Liouville-Caputo fractional derivative
LCD}, of order p is known (see, for example,
[54, p. 91, Eq. (2.4.1)] with a = 0):

(LCDH f) ( )

relationship between the
RLDM
0+

F* 0

o-% 5

(04, (P () = 32
(éR(/\) > 0; R(p) = 0),

the relationship (63) can be written as follows:

(LCD# ) (RLD# )

—1
f(k)() k—p
—kzo 7(k7u+1)x ®o(65)

where n is given, as in (63), by (61).

We give below three examples of how
fractional-order derivatives are potentially use-
ful in the modeling and analysis of applied prob-
lems.

Example 1. The following first- and second-
order linear ordinary differential equations:

dy
E—Fcy—o (c>0),
2
el +cy—0 (c>0)

are usually referred to as the relazation equation
and the oscillation equation, respectively. Also,
in the theory of partial differential equations, the
following partial differential equations:

9%u ou
9z = ka (k>0)
9%u 0%u
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are known as the diffusion (or heat) equation and
the wave equation, respectively.

Let us recall that the basic processes of re-
laxation, diffusion, oscillations and wave prop-
agation have been revisited by several authors
by introducing fractional-order derivatives in the
governing (ordinary or partial) differential equa-
tions. This leads to superslow or intermediate
processes that, in mathematical physics, we may
refer to as fractional phenomena. The analy-
sis of each of these phenomena, when carried
out by means of fractional calculus and Laplace
transforms, involves such special functions in
one variable as those of the Mittag-Leffler and
Fox-Wright types. These useful special functions
are investigated systematically as relevant cases
of the general class of functions which are pop-
ularly known as Fox’s H-function after Charles
Fox (1897-1977) who initiated a detailed study
of these functions as symmetrical Fourier ker-
nels (see, for details, [125] and [128]). As a mat-
ter of fact, as we shall see in Section 5 of this
article, mathematical modeling and analysis of
real-world and other applied problems are being
accomplished widely and extensively by making
use of fractional-order derivatives instead of pos-
itive integer-order derivatives.

We now summarize below some recent inves-
tigations by Gorenflo et al. [36] who did indeed
make references to numerous earlier closely-
related works on this subject.

I. The Fractional (Relaxation-Oscillation)
Ordinary Differential Equation
da
dtg +c® u(t;a) =0
(c>0; 0<as?2)

(66)

Case I.1: Fractional Relaxation (0 < a < 1)
Initial Condition: u (0+; «) = ug
Case I.2: Fractional Oscillation (1 < o < 2)

Initial Conditions: {u (g—i_; @) = uo
u

with vy = 0 for continuous dependence of the
solution on the parameter « also in the tran-
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sition from o = 1— to a = 1+, @ being the
time-derivative of w.

Explicit Solution (in both cases):

u (t; ) = ug Ea( - (ct)a)
— (="
=u g —— (et)™"
" ZT(an+1)

(- rite)

tOL
— %uoexp<— (C)

T(1+ a)) (t—=0+)

Uo

()°T(1— ) (t = o0),

where E,, (z) denotes the familiar Mittag-Leffler
function defined, as in (9), by (see, for example,
[129, p. 42, Equation IL.5 (23)])

oo

Zn
E, = _—
(2) 7;0 I'(an+1)
1 (0+4) wa—l ew
= — ——d
21 J_ o we —z v
(a>0; z€C).

II. The Fractional (Diffusion-Wave) Par-
tial Differential Equation

%P, 0%u

g U _ v

ot2P Ox? (67)
(k>0; —co<z<oo; 0<p 1),

where u = wu (z,t; ) is assumed to be a causal
function of time (¢ > 0) with

u (Foo,t; 3) = 0.
Case II.1: Fractional Diffusion (0 < 3 < 1)
Initial Condition: u (z,0+;5) = f (x)

Case I1.2: Fractional Wave (1 < 3<1)

u(x,04; ) = f (x)

Initial Conditions: < .
w(z,04+; 8) = g (x)

with g (x) = 0 for continuous dependence of the
solution on the parameter § also in the transi-
tion from 5 = %— to 8= %—l—.
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Explicit Solution (in both cases):

u(x,t;m:/_oo Go(6.6:5) f(x—€) de, (68)

where the Green function G, (z,t; 8) is given by

27— (—Z)n
2] Ge (,t:8) = 5 Z%mr(l—ﬁ—ﬁn)

0<ﬁ<1>,

(69)

(=L
Vith’
which can readily be expressed in terms of
Wright’s generalized Bessel function or the
Bessel-Wright function J¥ (z) defined by (see,
for example, [129, p. 42, Equation I1.5 (22)])

S (=2)"

o (2) ::anf(un—i—y—&—l)

n=0

i

=o¥2 (70)

—Zz

(17 1)7 (V + 17/1')5

Example 2. Fractional-order kinetic equations
of different forms have been widely used, in
recent years, in the modeling and analysis of
several important problems of physics and as-
trophysics. In fact, during the past decade
or so, fractional-order kinetic equations seem
to have gained popularity due mainly to the
discovery of their relation with the theory of
CTRW (Continuous-Time Random Walks) in
[46]. These equations are investigated with
the objective to determine and interpret cer-
tain physical phenomena which govern such pro-
cesses as diffusion in porous media, reaction and
relaxation in complex systems, anomalous diffu-
sion, and so on (see also [43], [59] and [107]).

For an arbitrary reaction, which is character-
ized by a time-dependent quantity N = N(¢), it
is possible to calculate the rate of change % to
be a balance between the destruction rate ? and
the production rate p of N, that is,

dN

T 0+ p.
By means of feedback or other interaction mech-
anism, the destruction and the production de-
pend on the quantity N itself, that is,

2 =0(N) and  p=p(N).
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Since the destruction or the production at a time
t depends not only on N (t), but also on the past
history N(n) (n < t) of the variable N, such de-
pendence is, in general, complicated. This may
be formally represented by the following equa-
tion (see [39]):

dN
P =0 (Ny) +p (V)

where N; denotes the function defined by
N (t")=N(t—t") (t* > 0).

Haubold and Mathai [39] studied a special case
of the equation (71) in the following form:

(71)

dN;
TtJ = —Cj Nj (t) s (72)
that is,
dN;(t)
= —¢; dt, (73)
N;(t) !

with the initial condition that
NJ (t) ’t:O = N07

is the number density of species j at time t = 0
and the constant ¢; > 0. This is known as a
standard kinetic equation. The solution of the
equation (72) is easily seen to be given by

Nj (t) = NO e_cjt, (74)

which, upon integration, yields the following al-
ternative form of the equation (72):

N(t)=No=c- oDy {N ()}, (75)

where oD, 1'is the standard integral operator
and c is a constant of integration.

The fractional-order generalization of the
equation (75) is given as in the following form
(see [39]):

N (t) = No=c” (*FI§.N) (1) (76)

in terms of the familiar right-sided Riemann-
Liouville fractional integral operator of order v
defined, as in (54), by (see, for example, [54] and
[70]; see also [26]) defined by

/0 (t— )" f(u) du
(77)

(RLIg+f) (t)= T (v)

(t>0; R(v) >0).
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For a considerably large number of extensions
and further generalizations of the fractional-
order kinetic equation (76), the interested reader
should refer to [59] and [107] as well as the other
relevant references which are cited in each of
these publications.

Here, in this example, we propose to investi-
gate solution of a family of fractional-order ki-
netic equations which are associated with the
general function &, 5(y; 2, s, k) defined by (32),
which we have introduced in this article. The
results presented here are general enough and
capable of being specialized appropriately to in-
clude solutions of the corresponding (known or
new) fractional-order kinetic equations associ-
ated with simpler functions.

Theorem 1. Let c,u,v,p,0 € RT. Suppose
also that the general function £, 5(; 2, 8, k), de-
fined by (32), exists. Then the solution of the
following generalized fractional kinetic equation:

N (t) — No T Ea (<p; ztY s, H)
=—c® (RMIT.N) (t) (78)
s given by
N (t) = Not+? Z —cPt7)"
pors (k+ k) T(ak + 8) T'(vk + or + )
(79)
(t>0),

provided that the right-hand side of the solution
asserted by (79) exists.

Proof. First of all, by the Laplace Convolution
Theorem, it is observed from the definition (77)
that

£

RLIO+ )

5}t
Gl

} L{N(r):s}

(t—71)7IN(T) dT) dt

FU)
()

(R(s) > 0; R(o) > 0), (80)
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where
N(s):=L{N() :s} = /OO e "t N(t) dt. (81)
0

Thus, in view of the Laplace transform formula
(48), we find upon taking the Laplace transform
of each member of the generalized fractional ki-
netic equation (78) that

No x~ (k) T(wk+p) 2\
N(s) =0 ;)(km) T(ck + B) (?)
10

(R(s) > 0; R(p) > 0; R(v) > 0; R(o) >
0; R(e) > 0), so that

i o(k) T(vk+p) 2
(k

—1
Ny = (1+2)
— (k) D(vk + p) ok
. kz:% (k + r)° D(ak + §) svk+r
% v (2)
r=0
S~ (k) Tk + p) P
kz:;) (k+ k)5 T'(ak + B) svktn
= NO Z (_cp)’r
r=0
> (k) T(vk + p) Lk
. kz:;) (k+ k) T(ak + B) sortvhtnu (82)

(R(s) > 0; R(p) > 0; R(v) > 0; R(o) >
0; R(a) > 0), where we have used the follow-
ing geometric series:

< 1) |

(+5) -2 (3)

We now invert the Laplace transform occur-
ring in (82) by using the following well-known
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identity:
r'(A+1
{psp =t
a1 t
= L <5,\+1> TT(A+1) (83)
(RN > —1; R(s) > 0).

We are thus led to the solution (79) asserted by
Theorem 1. This evidently completes the proof
of Theorem 1. O

Remark 8. The distinct advantage of using the
general function &, 5(¢; 2, s, k), defined by (32),
in the non-homogeneous term of the fractional-
order kinetic equation (78) lies in its general-
ity so that solutions of other kinetic equations
involving relatively simpler non-homogeneous
terms can be derived by appropriately special-
izing the solution (79) asserted by Theorem 1.

Theorem 2. Let c,u,v,p,0 € RT. Suppose
also that the general function €, g(¢;z), defined
by (14), exists. Then the solution of the follow-
ing generalized fractional kinetic equation:

N (t) = No t"7F €q,5(¢3 2t")
== (MEN) @ 6
is given by
N( = Noth'~ 1 Z Cptg
3 (Vk + M) vk
kZ:O I( ak+5 T(vk + or + u) (2t")" (85)
(t>0),

provided that the right-hand side of the solution
asserted by (85) ewists.

Proof. Our demonstration of Theorem 2 would
run parallel that of Theorem 1. Use is made, in
this case, of the definition (14) and the Laplace
transform formula (50). The details are being
omitted here. O

Theorem 3. For c,u,v,p,0 € RT, let the ez-
tended Hurwitz-Lerch zeta function:

(I)(Ph“‘ sPpi01, e

A1, Api i, 77::) (Za S, K‘)a
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defined by (28), exist. Then the solution of the
following generalized fractional kinetic equation:

N () = No t#71 @0 P 7o) (o s )
—c? (RMIg, N) (t) (86)
is given by
L'(p)
N (t) = Nyttt PO
(t) = No 2 —ory
(V P1V76 ? 7UQ)
Ll fp;ariwm,--wuq(d .8, k) (87)
(t>0),

provided that the right-hand side of the solution
asserted by (87) exists.

Proof. Theorem 3 can be proven, along the lines
analogous to those of our demonstration of The-
orem 1 and Theorem 3, by applying the defi-
nition (28) and the Laplace transform formula
(53). We choose to skip the details invoved. [

Example 3. In this third example, we choose to
recall an earlier investigation of an initial-value
problem in which Hilfer (see [43]) considered
the following eigenvalue equation for the general
(Hilfer’s) two-parameter fractional derivative op-
erator D57 of order a (0 < a < 1) and type
8 (0= B < 1) defined by the equation (5):

("D5F) (@) = AS (@)

under the initial condition given, in terms of the
corresponding two-parameter fractional integral

operator HIS‘J’F , by

(z>0) (88)

(M8 ) (04) = o,

where it is tacitly assumed that
1— l—«a
- (150 o

co being a given constant and with the pa-
rameter \ being the eigenvalue. The condition
x > 0 in Eq. (88) was not mentioned explic-
itly by Hilfer [43, p. 115, Eq. (118)]. How-
ever, since the Riemann-Liouville, the Liouville-
Caputo and the Hilfer operators of fractional cal-
culus are all defined by definite integrals over the

(89)
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obviously non-empty interval (0,z), such a con-
dition as x > 0 is tacitly assumed to be satisfied
in all developments involving each of these op-
erators of fractional calculus.

In terms of the two-parameter Mittag-LefHler
function defined by (9), Hilfer’s over two decades
old solution of (88) under the initial condition
(89) is given by (see [43, p. 115, Eq. (124)]):

fz)=co PACRICESY Eoatp(1—a) (Az®).
(90)

Now, upon setting 5 = 0 and ¢y = 1 in Hilfer’s
solution (89) (with, of course, z > 0), we are led
to corrected version of the claimed solution (see
[148, p. 802, Eq. (3.1)]) of the following initial-
value problem:

(*'D§, f) (z) = Af (z) (z>0), (91
together with the initial condition:
(R*EI7 ) (04) =1, (92)

where, just as in Eq. (89),
(L) 04) = iy () ()

in the form given by

f (@) =2 Eqo (A2®), (93)
in terms of the two-parameter Mittag-Leffler
function defined by (9).

Remark 9. In each of the above examples, we
have made use of the classical Laplace transform
in solving the considered fractional-order ordi-
nary and partial differential equations. Other
known or classical integral transforms can pos-
sibly also be suitably applied in some of these
cases. Nevertheless, it may be immensely and
potentially helpful to investigate the possibility
of developing some kind of an integral or other
transformation which would enable us to find
solutions of fractional-order differential equa-
tions by first reducing them to the corresponding
integer-order differential equations.
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5. Developments in Recent
Years

In recent years, a remarkably wide variety
of real-world problems and issues in many
areas have been modeled and analysed by
making use of some very powerful tools, one
of which involves applications of operators of
fractional calculus. In fact, such important
definitions have been introduced for fractional-
order derivatives, including, for example, the
Riemann-Liouville, the Griinwald-Letnikov, the
Liouville-Caputo, the Caputo-Fabrizio and the
Atangana-Baleanu fractional-order derivatives
(see, for example, [13], [24], [26], [54], [82] and
[155]).

By using the fundamental relations of the
Riemann-Liouville fractional integral, the
Riemann-Liouville fractional derivative was
constructed, which involves the convolution
of a given function and a power-law kernel
(see, for details, [54] and [82]). The Liouville-
Caputo (LC) fractional derivative involves the
convolution of the local derivative of a given
function with a power-law function [25]. Caputo
and Fabrizio [24] and Atangana and Baleanu
[13] proposed some interesting fractional-order
derivatives based upon the exponential decay
law which is a generalized power-law function
(see [5], [8], [10], [11], [12] and [15]). The
Caputo-Fabrizio (CFC) fractional-order deriva-
tive as well as the Atangana-Baleanu (ABC)
fractional-order derivative allow us to describe
complex physical problems that follow, at the
same time, the power law and the exponential
decay law (see, for details, [5], [8], [10], [11], [12]
and [15]).

In a noteworthy earlier investigation, Sri-
vastava and Saad [137] investigated the model
of the gas dynamics equation (GDE) by
extending it to some new models involving
the time-fractional gas dynamics equation
(TFGDE) with the Liouville-Caputo (LC),
Caputo-Fabrizio (CFC) and Atangana-Baleanu
(ABC) time-fractional derivatives. They em-
ployed the Homotopy Analysis Transform
Method (HATM) in order to calculate the
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approximate solutions of TFGDE by wusing
LC, CFC and ABC in the Liouville-Caputo
sense and studied the convergence analysis of
HATM by finding the interval of convergence
through the h-curves. Srivastava and Saad
[137] also showed the effectiveness and accuracy
of this method (HATM) by comparing the
approximate solutions based upon the LC, CFC
and ABC time-fractional derivatives.

Consider the following homogeneous time-
fractional gas dynamics equation (TFGDE):

%Y N _
oo 77[1**1/’(1*1/))*0’
where (¢,7) € (0,00) x (0,79) and 0<a <1

Srivastava and Saad [137] used the HATM
(see, for example, [58] and [90]) in order to solve
the LC, CFC and ABC analogues of the TFGDE
(94). They obtained these analogous equations

aoz
by replacing the time-fractional derivative v
o
in the TFGDE (94) by

(94)

LC y® CFC ABC
oD, o D7 and oD,

successively, where the order o of the time-

fractional derivatives is constrained by
n—1l<asn (n e N).

The corresponding LC, CFC and ABC time-
fractional analogues of the TFGDE (94) are
given by

oy

KDRY 4 o w1l w) =0 (95)
0<asl;,¢eR; 7>0),
CGDE+y G g -y =0 (96)
(O<a:1,§€R;T>O)

and
Moy Sy -y =0 (97

0<asl;ceR; 7>0),
respectively. Here
LC
SDe

and  CFCpo
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denote the time-fractional derivatives of order o
for a suitably defined function f(7), which are
defined, respectively, by

oD (3(m)) = T D™ (§(r)
- ﬁ /0 C(r -ty ) e
(m—1<as=m;meN; feCJ; p=-1)
and
D7 (5(7)
- % /OT exp (—O‘Y_at)) D(f(t)) dt

where M(«) is a normalization function such
that M(0) = M(1) = 1 and *BE D2 (§(1)) is
known as the ABC time-fractional derivative of
order « in the Liouville-Caputo sense given, for
a suitably defined function f(7), b

ABCDa (f(’T))
— 19 [" (22 ot a
where

ZF@k-I-

k=0

is the Mittag-Leffler function and M(«a) is a
normalization function with the same proper-
ties as in the Liouville-Caputo (LC) and the
Caputo-Fabrizio (CFC) cases. For the details
of this and other closely-related investigations,
the interested reader should see the work by
Srivastava and Saad [137]).

In the current onslaught of the Corona virus,
which is referred to as COVID-19 (see, for
details, [2], [76], [83] and [99]). As in the case
of the Corona virus, the Ebola virus can be
transmitted to others by contact with infected
body fluids, through broken skin, or through
the mucous membranes of the eyes, nose and
mouth, but the Ebola virus can also be trans-
mitted through sexual contact with a person
who has the virus or has recovered from it (see,
for details, [20]; see also the recently-published
works [75], [81], [108], [121], [123], [124], [127],
and [145] for the fractional-order modeling of
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other diseases and other biological situations).

Fractional calculus is a generalization of
the classical (or ordinary) calculus and many
researchers have paid attention to this science
as and when they encounter a number of issues
in the real world. Most of these issues do not
have exact analytical solution. This situation
naturally interests many researchers to look for
and apply numerical and approximate methods
to obtain solutions by using such methods.
There are many useful methods, such as the
homotopy analysis (see [29], [30] [89] and [63]),
He’s variational iteration method (see [41]
and [43]), Adomian’s decomposition method
(see [45], [44] and [46]), the Fourier spectral
methods [47], finite difference schemes (see
[48]), collocation methods (see [52], [53] and
[88]), and so on. In order to find more about
the fractal calculus, we refer the readers to the
investigations in [54] and [82]. More recently, a
new concept was introduced for the fractional-
order operator because this operator has two
orders, the first representing the fractional
order and the second representing the fractal
dimension. Some recent developments in the
area of numerical techniques can be found in
(for example) [91], [140] and [141].

Our attention in this section is now drawn
toward the idea of the fractal-fractional deriva-
tive of the composite order (p,k) on the
fractal-fractional Ebola virus (FFEV). With
this object in view (see [9]), we replace the
derivative of integer order with respect to ¢ by
the fractal-fractional derivatives based on the
power law (FFP), the exponential-law (FFE)
and the Mittag-Leffler law (FFM) kernels which
correspond to the Liouville-Caputo (LC) (see
[84]), Caputo-Fabrizio (CF) (see [93]) and the
Atangana-Baleanu (AB) (see [94]) fractional
derivatives, respectively. Here, just as we have
already mentioned in Section 4 above, we use
the term Liouvile-Caputo fractional derivative
in order to give due credit also to Liouville who,
in fact, considered such fractional derivatives
many decades earlier in 1832.  This topic
has attracted many researchers and has been
applied to researches stemming from various
real-world situations (see, for example, [14].
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[34], [62] and [149]).

During the past several years, many re-
searchers’ focus has been directed towards
modeling and analysis of various problems
in biomathematical sciences. This branch of
science represents many distinguished data on
biological phenomena such as the Ebola and
other related viruses, the nervous system and
its impulse transmission, the bacterial cell and
its spread, et cetera (see [41] and [138]). This
has led to the modeling of many real-world
problems. As a result of problems that arise
from the real world on the basis of statistical
analysis and biological experiments, mathemat-
ical models of these problems are proposed and
most of them were studied. These proposed
models enable scientists and researchers to
study and verify the behavior of these models
separately in a biological laboratory experiment
(see [7], [21], [57] and [85]). After modeling the
biological phenomenon mathematically, that
is, as a function of time and the parameters
involved, the numerical solutions can be found
and these solutions can then be represented
in tables and figures. Also, if the laboratory
results are available, comparison between
theoretical and laboratory results can be made.
The parameters affecting this system can also
be controlled appropriately. Also, one of the
advantages of mathematical modeling is the pos-
sibility of re-studying the problems many times
and at any time value without re-experimenting.

We begin by introducing the epidemiological
model of the Ebola virus as follows:

D¢B1(¢) = —a B1(¢) B2(C) + B B3(¢) =y N,
(98)

D¢B2(C) = a B1(C) B2(C) — €B2(C) — 0532(C),

(99)
D¢B3(B) = 6B2(¢) — BB3(C) (100)
and
D¢B4(C) = €f2(¢) + N, (101)
where, as usual, D¢ = dd—g and ¢ 2 0.
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In the following table, we define the indepen-
dent variables and the parameters of the Ebola
virus.

Symbol definition

B81(¢) The susceptible population

B2(¢) The infected population

B3(¢) The recovery population

B4(C) The population died in the region
N The total population in the region
@ The rate of infection with the disease
B The rate of susceptibility
~ The rate of natural death
€ The rate of death from the disease
d The rate of recovery from the disease

The new model is obtained upon replacing the
ordinary derivative D¢ in the above epidemiolog-
ical model in (98) to (101) by the corresponding
fractal-fractional derivative involving the power
law kernel as in the earlier work (see [9]).

FEEDEFB1(C) = —a B1(C) B2(C) + B B3(C) — v N,
(102)

FEDDE 35(C) = a B1(C) B2(C) — €Ba(C) — 3B2(C),
(103)

FEEDE*B3(C) = 0B2(C) — BBs(C)  (104)

and

FEEDE*B4(C) = eBa(Q) +9N  (p.k € (0,1]),

(105)

where the functions §;(¢) (i = 1,2,3,4) are
continuous in the interval (a,b) and fractal dif-
ferentiable on (a,b) with order k. The fractal-
fractional derivative of f3;(¢) of order p in the
Liouville-Caputo (LC) sense with the power law
are given by (see [9])

DL B
d /¢
:ﬁ@/o (€ =7)""Bi(r)dr (106)

0<pk<1;i=1,2314)
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and

dBi(Q)
dck

T—=C Tk — Ck (107)

— lim {51'(7') — Bi({) } .
Just as we pointed out above (and also in
Section 4), we have used the term “Liouvile-
Caputo sense" in order to give due credit also
to Liouville who considered such fractional
derivatives many decades earlier in 1832.

For the relevant details of the numerical
solutions for the above model of the fractal-
fractional Ebola virus, the reader is referred
to the work of Srivastava and Saad [139)].
The detailed analysis of this model and the
numerical solutions, which are presented in
[139] and in other works cited in [139] are
potentially beneficial to biological researchers
with a view to linking these findings to the
biological laboratory results.

Finally, in this section, we turn to the fact
that many experiments and theories have shown
that a large number of abnormal phenomena
that occurs in the engineering and applied sci-
ences can be well-described by using discrete
fractional calculus. In particular, fractional dif-
ference equations have been found to provide
powerful tools in the modeling and analysis of
various phenomena in many different fields of
science and engineering such as those in, for ex-
ample, physics, fluid mechanics and heat con-
duction. Considerable attention has been given
in the existing literature to the subject of frac-
tional difference equations on the finite time
scales (see, for example, [35]). In the current
literature on this subject, there are a few papers
which investigate the existence and uniqueness
of fractional difference equations in the sense of
the Riemann-Liouville (RL) fractional calculus.

We choose to recall here the work of Lu et al.
[65] investigated the existence and uniqueness of
the following uncertain fractional forward differ-
ence equation (UFFDE) given by

(BLLAYP) (2) = Ha (2 + ¥, (2 + )

+Ho(z+ 1, p(z+1))eoyy  (108)

and
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(EElA_(l_W@) (2) =: ayp, (109)
where ff;lAw denotes fractional Riemann-
Liouville type forward difference with 0 < ¢ <
1, and H; and Hs are two real-valued functions
defined on [1,00] xR, z € NoN[0,T], a0 € Risa
crisp number, and ey, €ypq1, -+, 74y are (T +
1) IID uncertain variables with symmetrical un-
certainty distribution L(¢,¢3). The above work
was generalized by Mohammed [72] and, subse-
quently, by Srivastava and Mohammed [133]. In
addition, Mohammed et al. [73] obtained the ex-
istence and uniqueness of the nabla case (back-
ward) of the equations (108) and (109). Moti-
vated by these developments, Srivastava et al.
[134] considered a general family of uncertain
fractional difference equations of the Liouville-
Caputo type (UFLCDE). They derived an un-
certain fractional sum equation, which is equiv-
alent to the UFLCDE by using the basic proper-
ties of the Liouville-Caputo type uncertain frac-
tional difference equations. After introducing a
successive Picard iteration method for finding a
solution to the UFLCDE, Srivastava et al. [134]
applied the theory of Banach contraction under
the Lipschitz constant condition and successfully
investigated the structure of the algebras of ex-
istence and uniqueness of the UFLCDE. They
also presented three examples to show the effec-
tiveness of the proposed investigation (see, for
details, Srivastava et al. [134]).

2=0

6. Concluding Remarks
and Observations

The main object of this survey-cum-expository
review article is focussed toward the widespread
applications and usages of many of the
currently-investigated operators of fractional
calculus (that is, fractional-order integrals and
fractional-order derivatives) in the modeling
and analysis of a remarkably wide variety of
applied scientific and real-world problems in
mathematical, physical, biological, engineering
and statistical sciences as well as in other
scientific disciplines. Here, in this review
article, we have presented a brief introductory
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overview of the theory and applications of the
fractional-calculus operators which are based
upon the general Fox-Wright function, which
we have presented together with the related
historical background, and its such specialized
forms as the Mittag-Leffler type functions.

In the bibliography of this presentation, we
have chosen to include a considerably large num-
ber of recently-published books, monographs
and edited volumes (as well as journal articles)
dealing with the extensively-investigated subject
of fractional calculus and its widespread applica-
tions. Indeed, judging by the on-going contribu-
tions to the theory and applications of Fractional
Calculus and Its Applications, which are contin-
uing to appear in some of the leading journals
of mathematical, physical, statistical and engi-
neering sciences, the importance of the subject-
matter dealt with in this survey-cum-expository
review article cannot be over-emphasized. More-
over, for the potential use of those of the readers
who are interested in pursuing investigations on
the subject of fractional calculus, we give here
references to some of the other applications of
the operators of fractional calculus in the math-
ematical sciences, which are not mentioned in
the preceding sections.

(i) Theory of Generating Functions of Orthog-
onal Polynomials and Special Functions
(see, for details, [132]);

(ii) Geometric Function Theory of Complex
Analysis (especially the Theory of Analytic,
Univalent, and Multivalent Functions) (see,
for details, [135] and [136]);

(iii) Integral Equations (see, for details, [37],
[116] and [117]);

(iv) Integral Transforms (see, for details, [55]
and [69]);

(v)

Generalized Functions (see, for details,
[69]);

Theory of Potentials (see, for details, [87]).

(vi)

There is a fastly-growing trend now-a-days to
investigate and apply the fractional-order quan-
tum or basic (or g-) calculus not only in the
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aforementioned Geometric Function Theory of
Complex Analysis (see, for detailed histori-
cal and introductory overview, the recently-
published survey-cum-expository review article
[109]), but indeed also in medeling and analy-
sis of applied problems as well as in extending
the well-established theory and applications of
various rather classical mathematical inequali-
ties. Unfortunately, however, some of mostly
amateurish-type reseachers on these and other
related topics continue to produce obvious and
inconsequential variations of the known g-results
in terms of the so-called (p, q)-calculus by forcing
a redundant or superfluous parameter p into the
classical g-calculus and thereby falsely claiming
“generalization" (see [109, p. 340] and [110, pp.
1511-1512)).

With a view to motivating further researches
dealing with various widespread applications of
fractional-order modelling and analysis, we find
it to be worthwhile to cite several recently-
published works (see, for example, [50], [111],
[112], [131] and [146]; see also the references to
the related earlier developments which are cited
in each of these works).

We choose to conclude this presentation
by reiterating the fact that the extensively-
investigated and celebrated special function
named after the famous Swedish mathemati-
cian, Magnus Gustaf (Gosta) Mittag-Leffter (16
March 1846-07 July 1927), as well as its various
extensions and generalizations including (among
others) those that are considered here, have
found remarkable applications in the solutions
of a significantly wide variety of problems in
the physical, biological, chemical, earth and en-
gineering sciences (see, for example, [43] and
[54]). However, in a presentation of this modest
size, it is naturally hard to justify and elaborate
upon the tremendous potential for applications
of all those Mittag-Leffler type functions in one
and more variables which have appeared in the
existing literature on the subject. In our pre-
sentation here, we have focussed mainly on the
problems and prospects involving some of the
Mittag-Leffler type functions in the areas of vari-
ous families of fractional differential and integro-
differential equations.
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