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Abstract. In this article, a free vibration
analysis of the functionally graded porous piezo-
electric (FGPP) microplates is firstly solved
by using a combination of two variable refined
plate theory (RPT), modified strain gradient
theory (MSGT) and isogeometric analysis
(IGA). The FGPP microplate is composed of
piezoelectric material with pores, which are
distributed across the plate thickness in uniform
and non-uniform distributions. The modified
strain gradient theory is used to capture the size
effect on the natural frequency of the FGPP
microplates. According to the variational prin-
ciple of RPT with two variables, the governing
equations are derived and solved by the IGA.
The influence of the length scale parameters
(LSPs), external electric voltage, power law
index, length-to-thickness ratio, aspect ratio
and boundary conditions (BCs) on the natural
frequency of the FGPP microplates is studied.
The numerical results show that a rise in
the porosity coefficient makes a decrease in
the microplate’s stiffness, while an increase in
LSPs leads to a rise in the microplate’s stiffness.
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1. Introduction

The piezoelectric material can convert electri-
cal energy into mechanical energy and vice
versa. This material is used in the manufac-
ture of sensors and actuators in control sys-
tems. Therefore, piezoelectric materials have
attracted the attention of many engineers and
scientists. Many studies on the mechanical be-
haviours of piezoelectric structures have been
carried out in recent years. Specifically, Huang
et al. [1] investigated the nonlinear vibration
and dynamic response analyses of the laminated
composite plate with functionally graded (FG)
layer and piezoelectric layers in a thermal en-
vironment based on the higher-order shear de-
formation plate theory (HSDT) and general von
Karman-type equation. The analytical nonlin-
ear vibration of the sandwich FG circular plate
with piezoelectric layers in a thermal environ-
ment was presented by Ebrahimi et al. [2]. Be-
sides, Yang et al. [3] used the Kirchhoff plate
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theory (KPT) to calculate the free vibration and
buckling of the piezoelectric nanoplates under
the external electric voltage based on the ana-
lytical method. The vibration and dynamic re-
sponses of the FG circular plates with two piezo-
electric actuators in a thermal environment by
using the analytical method were found in [4].
According to the differential quadrature method
(DQM), Arani et al. [5] presented the nonlin-
ear transverse vibration of the piezoelectric plate
reinforced with single-walled carbon nanotubes
(SWCNTs). In addition, Duc et al. [6] investi-
gated the analytical nonlinear dynamic response
and vibration of the FG piezoelectric plates re-
inforced by eccentrically outside stiffeners rest-
ing on an elastic foundation and in a thermal
environment based on the first-order shear de-
formation theory (FSDT). Ellali et al. [7] found
Navier’s solution for the buckling response of the
electro-magneto-elastic plates resting on an elas-
tic foundation based on the third-order shear de-
formation theory (TSDT). On the order hand,
according to the various plate theory, Tanzadeh
et al. [8] presented the buckling and vibration
of the piezoelectric laminated composite plate
based on the finite strip method. Based on
the finite element method and Euler-Bernoulli
beam theory, El Harti et al. [9] used the an-
alytical method to study the active vibration
control of the FG beams with piezoelectric sen-
sors and actuators. Liu et al. [10] proposed the
IGA and the simple FSDT with four variables
to present the active shape and vibration con-
trol of the FG plates with piezoelectric layers
in a thermal environment. Recently, Phuc et
al. [11] studied the free and forced vibration of
functionally graded piezoelectric (FGP) plates
in a thermal environment and resting on an elas-
tic foundation according to the TSDT and FEM.
Ahmed et al. [12] used the nonlocal higher-order
plate theory to study the dynamic response of
the FG porous piezoelectric nanoplate in a ther-
mal environment based on the DQM. According
to the modified couple stress theory and FSDT,
the force and free vibration of the sandwich mi-
croplates with epoxy reinforced with graphene
platelets core and two piezoelectric layers un-
der external electric voltage were investigated by
Abbaspour et al. [13]. Based on KPT and DQM,
Wang et al. [14] researched the static bending

and free vibration of FGP plates resting on an
elastic foundation.

The modified strain gradient theory with
three length-scale parameters was proposed by
Lam et al. [15]. According to the MSGT and
Timoshenko beam theory, Li and Feng [16]
study microstructure-dependent static bending
and free vibration of the piezoelectric beam un-
der the transverse mechanic load and exter-
nal electric voltage. Mohammadi et al. [17]
used the KPT to investigate the buckling of
the rectangular plate based on the MSGT. Be-
sides, the modified strain gradient theory was
derived in general curvilinear coordinates and
performed by Ashoori and Mahmoodi [18]. Ac-
cording to the KPT, Hosseini et al. [19] pre-
sented the analytical biaxial buckling of the or-
thotropic multi-microplate system resting in the
Pasternak foundation using MSGT. Based on
the Euler-Bernoulli beam theory combined with
FEM, Kandaz et al. [20] studied the bending of
the gold microbeam according to the MSGT and
MCST. Besides, Karamanli et al. [21] employed
the quasi-3D theory and MSGT to present the
size-dependent free vibration of the FG porous
microbeams.

The isogeometric method was first proposed
by Hughes et al. [22]. After that, many re-
searchers used IGA to investigate the mechan-
ical behaviours of the structures. For instance,
Bazilevs et al. [23] employed the IGA to analyze
wind turbines and turbomachinery. Takizawa
et al. [24, 25] studied the computational prob-
lem of cardiovascular medicine and flow analy-
sis according to the IGA, respectively. In addi-
tion, flow computations by using the mesh mov-
ing methods like the space–time and arbitrary
Lagrangian–Eulerian methods were introduced
in [26]. On the other hand, the size-dependent
free vibration, bending and buckling of the mi-
croplates based on the MSGT and IGA can be
found in Refs. [27, 28, 29]. Furthermore, the
computational cost of IGA was also clearly dis-
cussed and investigated in Ref. [22]. To the
best author’s knowledge, there is no investiga-
tion using the MSGT and RPT with two vari-
ables to study the free vibration of the FGPPmi-
croplates under external electric voltage. There-
fore, in this article, we employ the RPT with two
variables and MSGT to present the free vibra-
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tion of the FGPP microplates under the external
electric voltage. The influence of the MLSPs,
types of porous distributions, porosity distribu-
tions and geometrical parameters on the natu-
ral frequency of the FGP porous microplates are
presented and discussed.

2. The Basic Equations

2.1. Material properties of the
FGPP microplates

Let us consider the FGPP rectangular and cir-
cular microplates with the thickness h, as seen in
Fig. 1. The pores are distributed across the plate
thickness in uniform and non-uniform porous
distributions. The material properties of the
uniform porous and non-uniform porous distri-
butions are formulated as [12]

Uniform :


cij = cij1 (1− e0ξ)
ρ = ρ1 (1− emξ)
eij = eij1 (1− e0ξ)
kij = kij1 (1− e0ξ)

ξ = 1
e0
− 1

e0

(
2
π

√
1− e0 − 2

π + 1
)2
(1)

Non−uniform :



cij = cij1

(
1− e0cos

(πz
h

))
ρ = ρ1

(
1− emcos

(πz
h

))
eij = eij1

(
1− e0cos

(πz
h

))
dij = dij1

(
1− e0cos

(πz
h

))
where cij and ρ are stiffness coefficient and den-
sity, respectively; eij and dij are piezoelectric
and dielectric constants. Index “1” indicates the
maximum value of the material properties. Be-
sides, e0 and em are the porosity coefficient and
porosity coefficient of density which are defined
as follows{

e0 = 1− E2

E1
= 1− G2

G1
, 0 < e0 < 1

em = 1− ρ2
ρ1
, 0 < em < 1

(2)

in which E1, G1 and ρ1 are the maximum Young
modulus, shear modulus and density, respec-
tively; E2, G2 and ρ2 are the minimum Young
modulus, shear modulus and density, respec-
tively.

2.2. The refined plate theory
with two variables

According to the RPT with two variables [30],
the displacement fields at any point of the FGPP
microplate are presented as follows

u = u1 + zu2 + f(z)u3;

u1 =

 0
0

wb + ws

 ;

u2 =

−wb,x−Wb,y

0

 ;

u3 =

ws,xws,y
0

 ;

(3)

where wb and ws are bending and shear deflec-
tions along the z-directions, respectively. Index
“,” stands for the differential operator; f(z) =

− 4z3

3h2 is the distribution function.

According to the displacement fields in Eq.
(3), the linear strain tensor is presented as

ε =

{
εb
εs

}
=

{
zεb1 + f(z)εb2
(1 + f ′(z))γs

}
(4)

where

εb1 = −

 wb,xx
wb,yy
2wb,xy

 ;

εb2 =

 ws,xx
ws,yy
2ws,xy

 ;

γs =

{
ws,x
ws,y

}
.

(5)

The electric potential can be assumed to contain
cosine and linear variation across the plate thick-
ness to fulfill Maxwell’s equation as follows [31]

Φ(x, y, z) = g(z)φ(x, y) +
2z

h
V0 (6)

where Φ is the electric potential; V0 is the ini-
tial electric voltage. Also, g(z) = −cos(πzh ) is a
distributed function.
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Fig. 1: The geometry of the FGPP rectangular and circular microplates.

Based on Maxwell’s equation, the electric field
can be derived from Eq. (6) by

E = −∆Φ

orExEy
Ez

 = −

Φx
Φy
Φz

 = −


g(z)φ,x
g(z)φ,x

g′(z)φ+ 2V0

h

 (7)

where Ex, Ey, Ez are the components of the
electric field.

The rotation gradient tensor of the plate
based on the displacement fields in Eq. (3) is
expressed by

χ =
1

2

(
∇θ +∇θT

)
=

{
χb
χs

}
=

{
χ1b + f ′ (z)χ2b

f ′′ (z)χ1s

} (8)

where

θ =
1

2

(
∇u−∇uT

)
;

χb =
{
χxx χyy χxy

}T
;χs =

{
χxz χyz

}T ;
(9)

χ1b =
1

4

 4wb,xy + 2ws,xy
−4wb,xy − 2ws,xy

2 (wb,yy − wb,xx) + (wx,yy − ws,xx)

 ;

χ2b =
1

4

 −2ws,xy
2ws,xy

ws,xx − ws,yy

 ;χ1s =
1

4

{
− ws,y
ws,x

}

Similarly, the dilatation gradient tensor accord-
ing to Eq. (3) takes the forms

ζ =

ζxζy
ζz

 =

εxx,x + εyy,x + εzz,x
εxx,y + εyy,y + εzz,y
εxx,z + εyy,z + εzz,z

 = ...

ζ1 + zζ2 + f (z) ζ3 + f ′ (z) ζ4

(10)
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where

ζ1 =

 0
0

−wb,xx − wb,yy

 ;

ζ2 = −

wb,xxx + wb,xyy
wb,yyy + wb,xxy

0

 ;

ζ3 =

ws,xxx + ws,xyy
ws,yyy + ws,xxy

0

 ;

ζ4 =

 0
0

ws,xx + ws,yy

 .

(11)

In addition, the deviatoric stretch gradient ten-
sor is expressed as follows

η =

{
ηb
ηs

}
=

{
zηb1 + f (z)ηb2 + f ′′ (z)ηb3

ηs1 + f ′ (z) ηs2

}
(12)

where

ηb =
{
ηxxx ηyyy ηyyx ηxxy ηzzx ηzzy

}T
;

ηs =
{
ηzzz ηxxz ηyyz ηxyz

}T
;

ηijk =
1

3
(εij,k + εjk,i + εik,j)− ...

1

15
(δij (εmm,k + 2εmk,m) + ...

δik (εmm,j + 2εmj,m))− ...
1

15
(δjk (εmm,i + 2εmi,m)) ;

(13)

ηb1 =
1

5



−2wb,xxx + 3wb,xyy
−2wb,yyy + 3wb,xxy
wb,xxx − 4wb,xyy
wb,yyy − 4wb,xxy
wb,xxx + wb,xyy
wb,yyy + wb,xxy


;

ηb2 =
1

5



2ws,xxx − 3ws,xyy
2ws,yyy − 3ws,xxy
−ws,xxx + 4ws,xyy
−ws,yyy + 4ws,xxy
−ws,xxx − ws,xyy
−ws,yyy − ws,xxy


;

ηb3 =
1

15



−3ws,x
−3ws,y
−ws,x
−ws,y
4ws,x
4ws,y


;

ηs1 = 1
15


3wb,xx + 3wb,yy − 3ws,xx − 3ws,yy
−4wb,xx + wb,yy + 4ws,xx − ws,yy
−4wb,yy + wb,xx + 4ws,yy − ws,xx

−5wb,xy + 5ws,xy

;

ηs2 =
1

15


−6ws,xx − 6ws,yy
8ws,xx − 2ws,yy
8ws,yy − 2ws,xx

10ws,xy

 ;

in which, δ denotes the Kronecker’s delta.

The constitutive equations of the FGPP mi-
croplates employing the MSGT [15] can be pre-
sented as follows
σx
σy

_

τ xy
_

τ xz
_

τ yz

 =


c̄11 c̄12 0 0 0
c̄12 c̄22 0 0 0
0 0 c̄66 0 0
0 0 0 c̄44 0
0 0 0 0 c̄55



εx
εy
γxy
γxz
γyz

− ...
0 0 ē31

0 0 ē31

0 0 0
ē15 0 0
0 ē15 0


ExEy
Ez

 ;

(14)Dx

Dy

Dz

 =

 0 0 0 ē15 0
0 0 0 0 ē15

ē31 ē31 0 0 0



εx
εy
γxy
γxz
γyz

+ ...

k̄11 0 0
0 k̄22 0
0 0 k̄33

ExEy
Ez

 ;


mxx

myy

mxy

mxz

myz

 = 2µl1
2


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



χxx
χyy
χxy
χxz
χyz

 ;

pxpy
pz

 = 2µl22

1 0 0
0 1 0
0 0 1

ζxζy
ζz

 ;



τxxx
τyyy
τyyx
τxxy
τzzx
τzzy


= 2µl3

2


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





ηxxx
ηyyy
ηyyx
ηxxy
ηzzx
ηzzy


;

where σx, σy,
_

τ xy,
_

τ xz,
_

τ yz are the stress com-
ponents; Dx, Dy, Dz are electric displacements;
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mij , pi and τijk are the components of the higher
stress tensor; l1, l2, l3 are three LSPs; is Lame’s
coefficient. Furthermore, c̄ij , ēij and k̄ij are the
reduced elastic coefficients, piezo-electric con-
stants and dielectric coefficients, respectively,
are defined as following

c̄11 = c11 −
c213

c33
; c̄12 = c12 −

c213

c33
;

c̄66 = c66; c̄55 = c55; c̄44 = c44;

ē31 = e31 −
e33c13

c33
; ē15 = e15;

k̄33 = k33 +
e2

33

c33
; k̄11 = k11

(15)

The constitutive equations (14) in matrix form
is rewritten as follows



σb = Cubεb −CuebEb;

σs = Cusεs −CuesEs;

Db = CT
uebεb + CeebEb;

Ds = CT
uesεs + CeesEs;

mb = 2µl21I3×3χb;

ms = 2µl21I2×2χs;

p = 2µl22I3×3ζ;

τb = 2µl23I6×6ηb;

τs = 2µl23I4×4ηs

(16)

where

σb =
{
σx σy

_

τ xy
}T

;

σs =
{_

τ xz
_

τ yz
}T

;

Db =
{

0 0 Dz

}T
;

Ds =
{
Dx Dy

}T
;

Eb =
{

0 0 Ez
}T

;

Es =
{
Ex Ey

}T
;

mb =
{
mxx myy mxy

}T
;

ms =
{
mxz myz

}T
;

p =
{
px py pz

}T
;

τb =
{
τxxx τyyy τyyx τxxy τzzx τzzy

}T
;

τs =
{
τzzz τxxz τyyz τxyz

}T
;

Cub =

c̄11 c̄12 0
c̄12 c̄22 0
0 0 c̄66

 ; Cus =

[
c̄55 0
0 c̄44

]
;

Cues =

[
ē15 0
0 ē15

]
; Cees =

[
k̄11 0
0 k̄11

]
;

(17)

Cueb =

0 0 ē31

0 0 ē31

0 0 0

 ; Ceeb =

0 0 0
0 0 0
0 0 k̄33


In addition, m, p and τ are the higher-order
stress tensors; I2×2, I3×3, I4×4, I6×6 are the
identity matrices of size of 2 × 2, 3 × 3, 4 × 4
and 6× 6, respectively.

2.3. The Hamilton principle

Based on the Hamilton’s principle, the governing
equation of the FGPP microplates is expressed
as follows ∫ t

0

(
δΠ + δK − δV

)
= 0 (18)

where δΠ, δK and δV are the virtual strain en-
ergy, kinetic energy and work done by the exter-
nal electric voltage, respectively.

The virtual strain energy of the FGPP MSGT
microplate is defined as [15]

δΠ =

∫
V

(
δεTb σb + δεTs σs − δET

b Db − ...
δET

s Ds + δχTm + δζTp + δηT τ

)
dV

(19)
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The virtual kinetic energy is express as

δK =

∫
Ω

δūT m̄¨̄udΩ (20)

where

ū =


u1

u2

u3

 ;

m̄ =

I0 0 0
0 I0 0
0 0 I0

 ;

I0 =

I1 I2 I4
I2 I3 I5
I4 I5 I6

 ;

(21)

(I1, I2, I3, I4, I5, I6) = ...∫ h/2

−h/2
ρ (z)

(
1, z, z2, f, zf, f2

)
dz

Besides, the virtual work done by the external
electric load is taken by

δV = h

∫
Ω

δNT
wNeNwdΩ (22)

in which

Nw =

{
wb,x + ws,x
wb,y + ws,y

}
;

Ne =

[
−2ē31V0 0

0 −2ē31V0

]
.

(23)

Inserting the necessary equations into Eq. (18),
the weak form of the equation of motion is re-

formed as follows∫
Ω

δε̄bT D̄ubε̄
bdΩ +

∫
Ω

δγsTDusγ
sdΩ− ...∫

Ω

δγsT D̄uebĒ
bdΩ−

∫
Ω

δγsT D̄uesĒ
sdΩ− ...∫

Ω

δĒbT D̄T
uebε̄

bdΩ−
∫

Ω

δĒsT D̄T
uesγ

sdΩ− ...∫
Ω

δĒbT D̄eebĒ
bdΩ−

∫
Ω

δĒsT D̄eesĒ
sdΩ + ...∫

Ω

δχ̄bT D̄b
rΓ̄

b
rχ̄

bdΩ +

∫
Ω

δχsT D̄s
rΓ̄

s
rχ

sdΩ + ...∫
Ω

δζ̄T D̄dilζ̄dΩ +

∫
Ω

δη̄bT D̄debΓ̄debη̄bdΩ + ...∫
Ω

δη̄sT D̄desΓ̄desη̄sdΩ +

∫
Ω

δūT m̄¨̄udΩ− ...

h

∫
Ω

δNT
wNeNwdΩ = 0

(24)
where

D̄ub =

[
Ab Bb

Bb Db

]
; D̄rb =

[
Arb Brb

Brb Drb

]
;

(Ab,Bb,Db) =

∫ h/2

−h/2

(
z2, zf, f2

)
Cubdz;

(Arb,Brb,Drb) =
∫ h/2
−h/2 2µl1

2
(

1, f ′, f ′
2
)

I3x3dz;

(Ars,Brs,Drs) =
∫ h/2
−h/2 2µl1

2
(

1, f ′′, f ′′
2
)

I2x2dz;

Dus =

∫ h/2

−h/2
(1 + f ′)

2
Cs
udz;

D̄ueb =
{
C1
ueb C2

ueb

}
;(

C1
ueb,C

2
ueb

)
= −

∫ h/2

−h/2
Cueb (z, f) g′dz;

D̄ues = −
∫ h/2

−h/2
Cues (1 + f ′) gdz;

D̄eeb =
∫ h/2
−h/2 Ceebg

′2dz; D̄ees =
∫ h/2
−h/2 Ceesg

2dz;
(25)

D̄di =


Adi Bdi Cdi Edi
Bdi Ddi Fdi Ldi
Cdi Fdi Hdi Odi
Edi Ldi Odi Pdi

 ;

D̄deb =


Adeb Bdeb Cdeb Edeb
Bdeb Ddeb Fdeb Ldeb
Cdeb Fdeb Hdeb Odeb
Edeb Ldeb Odeb Pdeb

 ;
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(Adi,Bdi,Ddi,Cdi,Edi,Fdi,Ldi,Hdi,Odi,Pdi) = ...∫ h/2
−h/2 2µl2

2
(

1, z, z2, f, f ′, zf, zf ′, f2, ff ′, f ′
2
)

I3x3dz;

(Adeb,Bdeb,Ddeb,Cdeb,Edeb,Fdeb,Ldeb,Hdeb,Odeb,Pdeb) = ...∫ h/2
−h/2 2µl3

2
(

1, z, z2, f, f ′′, zf, zf ′′, f2(z), ff ′′, f ′′
2
)

I6x6dz;

(Ades,Bdes,Ddes) =
∫ h/2
−h/2 2µl3

2
(

1, f ′, f ′
2
)

I4x4dz;

D̄rs =

[
Ars Brs

Brs Drs

]
; D̄des =

[
Ades Bdes

Bdes Ddes

]
;

Γ̄deb =


Γdeb 0 0 0

0 Γdeb 0 0
0 0 Γdeb 0
0 0 0 Γdeb

 ;

Γ̄rb =

[
Γrb 0
0 Γrb

]
; Γ̄rs =

[
Γrs 0
0 Γrs

]
; Γ̄des =

[
Γdes 0

0 Γdes

]
;

Γrb = diag (1, 1, 2) ; Γrs = diag (2, 2) ;

Γdeb = diag (1, 1, 3, 3, 3, 3) ; Γdes = diag (1, 3, 3, 6)

2.4. The isogeometric
approximation

The displacement vector u according to the
NURBS basic function [22] is approximated as
follows

u(x, y) =

m×n∑
I=1

NI(x, y)qI (26)

where

NI (x, y) =

NI (x, y) 0 0
0 NI (x, y) 0
0 0 NI (x, y)

 ;

qI = {wbI , wsI , ϕI}T

(27)
in which NI(x, y) is the NURBS basic function.

Substituting Eq. (26) into Eqs. (4), (8),
(10) and (12), the strain, the rotation gradient,
dilatation gradient, deviatoric stretch gradient
tensors and electric fields can be rewritten as

follows

ε̄b =

{
ε̄b1
ε̄b2

}
=

m×n∑
I=1

{
Bb1I

Bb2I

}
qI =

n∑
I=1

B̄bIqI ;

γs =
m×n∑
I=1

B̄sIdI ; Ēb =
m×n∑
I=1

B̄ebIqI ; Ē
s =

m×n∑
I=1

B̄esIqI ;

χ̄b =

{
χb1
χb2

}
=

m×n∑
I=1

{
Bb1
rI

Bb2
rI

}
qI =

m×n∑
I=1

B̄rbIqI ;

χs =

m×n∑
I=1

B̄rsIqI ;

(28)

η̄b =

η̄
b
1

η̄b2
η̄b3

 =

m×n∑
I=1

Bdeb
1I

Bdeb
2I

Bdeb
3I

qI =

m×n∑
I=1

B̄debIqI ;

η̄s =

{
η̄s1
η̄s2

}
=

m×n∑
I=1

{
Bdes

1I

Bdes
2I

}
qI =

m×n∑
I=1

B̄desIqI

in which

B̄sI =

[
0 NI,x 0
0 NI,y 0

]
; B̄ebI =

 0
0
−NI

 ;

B̄esI =

{
−NI,x
−NI,y

}
; B̄rsI =

1

4

[
0 −NI,y 0
0 NI,x 0

]
;

Bb1I = −

NI,xx 0 0
NI,yy 0 0
2NI,xy 0 0

 ; Bb2I =

0 NI,xx 0
0 NI,yy 0
0 2NI,xy 0

;
(29)

Bdeb
1I =

1

5


−2NI,xxx + 3NI,xyy 0 0
−2NI,yyy + 3NI,xxy 0 0
NI,xxx − 4NI,xyy 0 0
NI,yyy − 4NI,xxy 0 0
NI,xxx +NI,xyy 0 0
NI,yyy +NI,xxy 0 0

 ;

Bdeb
2I =

1

5


0 2NI,xxx − 3NI,xyy 0
0 2NI,yyy − 3NI,xxy 0
0 −NI,xxx + 4NI,xyy 0
0 −NI,yyy + 4NI,xxy 0
0 −NI,xxx −NI,xyy 0
0 −NI,yyy −NI,xxy 0

 ;

Bdeb
3I =

1

15


0 −3NI,x 0
0 −3NI,y 0
0 −NI,x 0
0 −NI,y 0
0 4NI,x 0
0 4NI,y 0

 ;
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Bdes
1I = 1

15


3NI,xx + 3NI,yy −3NI,xx − 3NI,yy 0
−4NI,xx +NI,yy 4NI,xx −NI,yy 0
−4NI,yy +NI,xx 4NI,yy −NI,xx 0
−5NI,xy 5NI,xy 0

;

Bdes
2I =

1

15


0 −6NI,xx − 6NI,yy 0
0 8NI,xx − 2NI,yy 0
0 8NI,yy − 2NI,xx 0
0 10NI,xy 0

 ;

Bb1
rI = 1

4

 4NI,xy 2NI,xy 0
−4NI,xy −2NI,xy 0

2 (NI,yy −NIxx) NI,yy −NI,xx 0

;
Bb2
rI =

1

4

0 −2NI,xy 0
0 2NI,xy 0
0 NI,xx −NI,yy 0

 ;

Bdil
1I =

 0 0 0
0 0 0

−NI,xx −NI,yy 0 0

 ;

Bdil
2I =

−NI,xxx −NI,xyy 0 0
−NI,yyy −NI,xxy 0 0

0 0 0

 ;

Bdil
3I =

0 NI,xxx +NI,xyy 0
0 NI,yyy +NI,xxy 0
0 0 0

 ;

Bdil
4I =

0 0 0
0 0 0
0 NI,xx +NI,yy 0


Inserting Eq. (26) into Eq. (23), the vector Nw

is reformed as

Nw =

m×n∑
I=1

B̄gIqI ; B̄gI =

[
NI,x NI,x 0
NI,y NI,y 0

]
(30)

Besides, the displacement vector can be rewrit-
ten as

ū =

u1

u2

u3

 =

m×n∑
I=1

N1I

N2I

N3I

qI =

m×n∑
I=1

N̄IqI

(31)
where

N1I =

 0 0 0
0 0 0
NI NI 0

 ; N2I =

−NI,x 0 0
−NI,y 0 0

0 0 0

;
N3I =

0 NI,x 0
0 NI,y 0
0 0 0


(32)

Substituting Eqs. (28), (30) and (31) into Eq.
(24), the weak form for free vibration analysis of
the FGPP microplate can be expressed as(

K− ω2M
)
q̄ = 0 (33)

where ω and q̄ are natural frequency and mode
shapes, respectively; whereas K and M are the
global stiffness matrix and mass matrix, respec-
tively, defined as follows

K =
∫

Ω
B̄T
b D̄ubB̄bdΩ +

∫
Ω

B̄T
s DusB̄sdΩ− ...∫

Ω
B̄T
b D̄uebB̄ebdΩ−

∫
Ω

B̄T
s D̄uesB̄esdΩ− ...∫

Ω
B̄T
ebD̄

T
uebB̄bdΩ−

∫
Ω

B̄T
esD̄

T
uesB̄sdΩ− ...∫

Ω
B̄T
ebD̄eebB̄ebdΩ−

∫
Ω

B̄T
esD̄eesB̄esdΩ + ...∫

Ω
B̄T
rbD̄rbΓ̄rbB̄rbdΩ +

∫
Ω

B̄T
rsD̄rsΓ̄rsB̄rsdΩ + ...∫

Ω
B̄T
dilD̄dilB̄dildΩ +

∫
Ω

B̄T
debD̄debΓ̄debB̄debdΩ + ...∫

Ω
B̄T
desD̄desΓ̄desB̄desdΩ−

∫
Ω

B̄T
g NeB̄gdΩ;

(34)

M =

∫
Ω

N̄T m̄N̄dΩ; q = q̄eiωt

3. Numerical Results

Firstly, we consider a FGP square plate with the
material properties given in Ref. [32] to verify
the accuracy and accord of the proposed model.
The boundary conditions combine with clamped
(C) and simply supported (S) edges. Table 1
shows the natural frequency ω̄ = ωa2

√
ρc/Ec /h

of the FGP square plates with various exter-
nal electric voltages and BCs. As we see in
Tab. 1, the numerical results of the presented
method match very well with those given by Su
et al. [32]. The comparison results in Tab. 1
show that the proposed model is accurate and
in accord.

Next, a FGPP rectangular microplate with
the material properties shown in Tab. 2 is in-
vestigated. For numerical investigation of the
problem, the three LSPs are taken the same
(l1 = l2 = l3 = l) [15]. The effect of the
porosity coefficient and scale-to-thickness ratio
(l/h) on the dimensional natural frequency

_

ω =
ωa2

√
ρ1/c111 /h of the FGPP square microplate

with various porous distributions is tabulated
in Tab. 3. It can be seen that from Tab. 3, a
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rise of the porosity coefficient and LSPs makes
a decrease and increase of the first dimension-
less natural frequency of the FGPP microplates,
respectively. Table 4 presents the first dimen-
sionless natural frequency of the FGPP square
microplates with various external electric volt-
ages. We can see in Tab. 4 that the natural fre-
quency of the FGPP microplate decreases with
an increase of the electric voltage. Finally, the
influence of the length-to-thickness and width-
to-length ratios on the first dimensionless nat-
ural frequencies of the SSSS FGPP rectangular
microplates is listed in Tab. 5. The frequency
of the microplate increases and decreases with
a rise of the length-to-thickness ratio and the
width-to-length ratio, respectively.

Furthermore, the free vibration of the FGPP
circular microplates with radius R and thick-
ness h is investigated. Table 6 presents the
influence of the LSPs and porosity coefficient
on the first dimensionless natural frequency
ω̃ = ωR2

√
ρ1/c111 /h of the FGPP circular mi-

croplates. It can be observed that from Tab. 6,
a rise of the scale-to-thickness ratio and porosity
coefficient makes a rise and a decrease of the nat-
ural frequency of the FGPP microplates, respec-
tively. Besides, the first five non-dimensional
natural frequenciesof ω̃ the FGPP circular mi-
croplates with various radius-to-thickness ratios
and external electric voltages are tabulated in
Tab. 7 and Tab. 8, respectively. As we see in
Tab. 7 and Tab. 8, an increase of the radius-
to-thickness ratio and external electric voltage
leads to the growth and decrease the frequency
of the microplates.

4. Conclusion

In this paper, the size-dependent free vibra-
tion of the FGPP microplates with various
porous distributions, including uniform and non-
uniform distributions under the external electric
load was first studied based on the RPT with
two variables, MSGT and IGA. The accuracy
and accord of the proposed method have been
verified through comparisons with previous ref-
erences. The influence of the LSPs, porosity dis-
tributions, porous coefficient and geometries on
the natural frequency of the FGPP rectangular

and circular microplates was investigated in de-
tail. The results show that a rise in the LSPs and
length-to-thickness ratio leads to an increase in
the stiffness of the microplate, while a rise in the
porous coefficient, electric voltage and width-to-
length ratio makes a decrease in the microplate’s
stiffness. The numerical results of the proposed
model can be considered benchmark results for
further studies of FGPP microstructures.
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Tab. 1: The nondimensional vibration frequency of the SSSS FG piezoelectric square plates with (a/h = 100, l = 0).

BCs V0(V )
p = 0.1 p = 1 p = 2 p = 6

Ref. [32] Present Ref. [32] Present Ref. [32] Present Ref. [32] Present

CCCC
-200 9.483 9.490 9.083 9.088 8.988 8.987 8.865 8.853
0 9.426 9.433 9.011 9.016 8.910 8.909 8.780 8.768
200 9.369 9.376 8.938 8.944 8.831 8.831 8.694 8.681

CFCF
-200 5.721 5.744 5.475 5.502 5.417 5.441 5.342 5.360
0 5.699 5.693 5.410 5.437 5.346 5.371 5.264 5.282
200 5.617 5.641 5.343 5.372 5.273 5.300 5.185 5.204

SCSC
-200 7.670 7.673 7.354 7.355 7.280 7.277 7.184 7.172
0 7.606 7.609 7.272 7.274 7.192 7.188 7.088 7.075
200 7.540 7.544 7.190 7.192 7.102 7.099 6.989 6.977

CCFF
-200 1.796 1.800 1.743 1.748 1.733 1.738 1.720 1.723
0 1.695 1.699 1.616 1.622 1.596 1.602 1.571 1.574
200 1.586 1.591 1.474 1.482 1.441 1.449 1.400 1.405

Tab. 2: The material properties of the FGPP microplate.

Properties Pzt-4
Elastic (GPa) c11 = c22 = 138.499; c12 = 77.371; c13 = 73.643; c33 = 114.745; c55 = 25.6; c66 = 30.6
Piezoelectric constant (Cm−2) e31 = −5.2; e33 = 15.08; e15 = 12.72
Dielectric constant (10−9 C2m−2N−1) k11 = 1.306; k33 = 1.115
Density (kgm−3) 7600

Tab. 3: The first dimensionless natural frequency of the FGPP square microplates with various scale-to-thickness
ratios and porosity coefficients (a/h = 10, V0 = 0).

Type BCs e0
l/h

0 0.1 0.2 0.5 1

Uniform

SSSS
0.1 5.8628 6.0684 6.6466 9.7759 16.7027
0.2 5.7572 5.9591 6.5269 9.5998 16.4018
0.3 5.6426 5.8404 6.3969 9.4086 16.0752

SFSF
0.1 2.5572 2.6937 3.0520 4.7542 8.2705
0.2 2.5111 2.6451 2.9970 4.6685 8.1215
0.3 2.4611 2.5925 2.9373 4.5756 7.9598

SCSC
0.1 8.1076 8.4221 9.2947 13.8979 23.9276
0.2 7.9616 8.2704 9.1273 13.6475 23.4965
0.3 7.8030 8.1057 8.9455 13.3758 23.0286

CCCC
0.1 9.7343 10.1256 11.2063 16.8549 29.0911
0.2 9.5589 9.9431 11.0044 16.5512 28.5670
0.3 9.3686 9.7452 10.7853 16.2217 27.9982

Non-
uniform

SSSS
0.1 5.9367 6.1405 6.7146 9.8340 16.7635
0.2 5.9148 6.1135 6.6738 9.7294 16.5415
0.3 5.8961 6.0899 6.6369 9.6274 16.3179

SFSF
0.1 2.5928 2.7276 3.0827 4.7785 8.2939
0.2 2.5874 2.7181 3.0636 4.7233 8.1767
0.3 2.5843 2.7109 3.0464 4.6688 8.0583

SCSC
0.1 8.1992 8.5125 9.3830 13.9886 24.0490
0.2 8.1558 8.4633 9.3179 13.8487 23.7678
0.3 8.1134 8.4161 9.2566 13.7135 23.4874

CCCC
0.1 9.8307 10.2222 11.3040 16.9705 29.2670
0.2 9.7625 10.1486 11.2155 16.8071 28.9559
0.3 9.6921 10.0745 11.1296 16.6499 28.6484

c© 2022 Journal of Advanced Engineering and Computation (JAEC) 301



VOLUME: 6 | ISSUE: 4 | 2022 | December

Tab. 4: The first dimensionless natural frequency of the FGPP square microplates with various external electric
voltages and porous distribution (a/h = 50, e0 = 0.1, l/h = 0.2).

Type V0(V )
BCs

SSSS SFSF SCSC CCCC CCFF

Uniform
-500 6.8765 3.1220 9.9616 12.3211 2.2024
0 6.8579 3.1000 9.9474 12.3086 2.1790
500 6.8392 3.0779 9.9332 12.2961 2.1553

Non-
uniform

-500 6.9561 3.1549 10.0761 12.4620 2.2255
0 6.9376 3.1331 10.0621 12.4497 2.2024
500 6.9191 3.1112 10.0480 12.4373 2.1789

Tab. 5: The influence of the width-to-length ratio and length-to-thickness ratio on the natural frequency of the
SSSS FGPP rectangular microplates (e0 = 0.4, l/h = 0.4, V0 = 0).

Type b/a
a/h

10 20 30 40 50

Uniform
1 8.0700 8.2707 8.3108 8.3251 8.3317
1.5 5.8839 5.9888 6.0093 6.0165 6.0199
2 5.1090 5.1873 5.2024 5.2078 5.2102

Non-
uniform

1 8.4039 8.6178 8.6604 8.6756 8.6826
1.5 6.1293 6.2406 6.2623 6.2699 6.2735
2 5.3226 5.4055 5.4215 5.4271 5.4298

Tab. 6: The first dimensionless natural frequency of the FGPP circular microplates with various scale-to-thickness
ratios and porosity coefficients (R = 1, R/h = 10, V0 = 0).

Type BCs e0
l/h

0 0.1 0.2 0.5 1

Uniform

SSSS
0.1 1.6318 1.6795 1.8146 2.5636 4.2704
0.2 1.6024 1.6493 1.7819 2.5174 4.1935
0.3 1.5705 1.6164 1.7464 2.4673 4.1100

CCCC
0.1 2.9724 3.0864 3.4005 5.0617 8.6963
0.2 2.9188 3.0308 3.3392 4.9705 8.5396
0.3 2.8607 2.9705 3.2728 4.8715 8.3696

Non-
uniform

SSSS
0.1 1.6553 1.7024 1.8360 2.5799 4.2826
0.2 1.6526 1.6983 1.8280 2.5536 4.2223
0.3 1.6516 1.6958 1.8216 2.5281 4.1615

CCCC
0.1 3.0122 3.1254 3.4372 5.0921 8.7266
0.2 3.0039 3.1142 3.4184 5.0384 8.6095
0.3 2.9976 3.1053 3.4020 4.9862 8.4916
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Tab. 7: The first five dimensionless natural frequencies of the FGPP circular microplates with various radius-to-
thickness ratios (R = 1, e0 = 0.4, l/h = 0.3, V0 = 0).

Type BCs R/h
Mode

1 2 3 4 5

Uniform

SSSS

5 1.8551 4.8014 4.8203 8.3556 8.3574
10 1.8997 5.0979 5.1044 9.1651 9.1664
15 1.9087 5.1648 5.1679 9.3707 9.3718
20 1.9119 5.1893 5.1911 9.4487 9.4498

CCCC

5 3.3767 6.6823 6.7299 10.4954 10.5203
10 3.6352 7.4295 7.4500 11.9710 11.9820
15 3.6979 7.6289 7.6393 12.4036 12.4098
20 3.7218 7.7066 7.7128 12.5704 12.5878

Non-
uniform

SSSS

5 1.9499 5.0043 5.0308 8.6618 8.6621
2.0032 5.3534 5.3625 9.6016 9.6025
2.0139 5.4328 5.4371 9.8430 9.8439
2.0177 5.4619 5.4644 9.9350 9.9359

CCCC

5 3.5285 6.9356 6.9996 10.8483 10.8639
10 3.8173 7.7825 7.8101 12.5201 12.5231
15 3.8870 8.0095 8.0236 13.0061 13.0198
20 3.9135 8.0979 8.1063 13.1980 13.2223

Tab. 8: The effect of the external electric voltage on the first five dimensionless natural frequencies of the FGPP
circular microplates (R = 1, R/h = 50, e0 = 0.1, l/h = 0.2).

Type BCs V0(V )
Mode

1 2 3 4 5

Uniform

SSSS
-500 1.8499 4.9492 4.9493 9.0096 9.0103
0 1.8295 4.9299 4.9300 8.9905 8.9913
500 1.8088 4.9105 4.9106 8.9715 8.9722

CCCC
-500 3.5295 7.3282 7.3287 11.9822 12.0275
0 3.5168 7.3134 7.3140 11.9664 12.0117
500 3.5041 7.2986 7.2992 11.9506 11.9959

Non-
uniform

SSSS
-500 1.8719 5.0071 5.0073 9.1145 9.1152
0 1.8517 4.9880 4.9882 9.0956 9.0964
500 1.8312 4.9689 4.9690 9.0768 9.0776

CCCC
-500 3.5701 7.4126 7.4132 12.1195 12.1659
0 3.5576 7.3980 7.3985 12.1038 12.1503
500 3.5450 7.3833 7.3839 12.0882 12.1347
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