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Abstract. In this article, a free vibration
analysis of the functionally graded porous piezo-
electric (FGPP) microplates is firstly solved
by using a combination of two wvariable refined
plate theory (RPT), modified strain gradient
theory (MSGT) and isogeometric analysis
(IGA). The FGPP microplate is composed of
piezoelectric material with pores, which are
distributed across the plate thickness in uniform
and non-uniform distributions. The modified
strain gradient theory is used to capture the size
effect on the natural frequency of the FGPP
microplates. According to the variational prin-
ciple of RPT with two variables, the governing
equations are derived and solved by the IGA.
The influence of the length scale parameters
(LSPs), external electric wvoltage, power law
index, length-to-thickness ratio, aspect ratio
and boundary conditions (BCs) on the natural
frequency of the FGPP microplates is studied.
The numerical results show that a rise in
the porosity coefficient makes a decrease in
the microplate’s stiffness, while an increase in
LSPs leads to a rise in the microplate’s stiffness.
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1. Introduction

The piezoelectric material can convert electri-
cal energy into mechanical energy and vice
versa. This material is used in the manufac-
ture of sensors and actuators in control sys-
tems. Therefore, piezoelectric materials have
attracted the attention of many engineers and
scientists. Many studies on the mechanical be-
haviours of piezoelectric structures have been
carried out in recent years. Specifically, Huang
et al. [1] investigated the nonlinear vibration
and dynamic response analyses of the laminated
composite plate with functionally graded (FG)
layer and piezoelectric layers in a thermal en-
vironment based on the higher-order shear de-
formation plate theory (HSDT) and general von
Karman-type equation. The analytical nonlin-
ear vibration of the sandwich FG circular plate
with piezoelectric layers in a thermal environ-
ment was presented by Ebrahimi et al. [2]. Be-
sides, Yang et al. [3] used the Kirchhoff plate
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theory (KPT) to calculate the free vibration and
buckling of the piezoelectric nanoplates under
the external electric voltage based on the ana-
lytical method. The vibration and dynamic re-
sponses of the FG circular plates with two piezo-
electric actuators in a thermal environment by
using the analytical method were found in [4].
According to the differential quadrature method
(DQM), Arani et al. [5] presented the nonlin-
ear transverse vibration of the piezoelectric plate
reinforced with single-walled carbon nanotubes
(SWCNTs). In addition, Duc et al. [6] investi-
gated the analytical nonlinear dynamic response
and vibration of the FG piezoelectric plates re-
inforced by eccentrically outside stiffeners rest-
ing on an elastic foundation and in a thermal
environment based on the first-order shear de-
formation theory (FSDT). Ellali et al. [7] found
Navier’s solution for the buckling response of the
electro-magneto-elastic plates resting on an elas-
tic foundation based on the third-order shear de-
formation theory (TSDT). On the order hand,
according to the various plate theory, Tanzadeh
et al. [8] presented the buckling and vibration
of the piezoelectric laminated composite plate
based on the finite strip method. Based on
the finite element method and Euler-Bernoulli
beam theory, El Harti et al. [9] used the an-
alytical method to study the active vibration
control of the FG beams with piezoelectric sen-
sors and actuators. Liu et al. [10] proposed the
IGA and the simple FSDT with four variables
to present the active shape and vibration con-
trol of the FG plates with piezoelectric layers
in a thermal environment. Recently, Phuc et
al. [11] studied the free and forced vibration of
functionally graded piezoelectric (FGP) plates
in a thermal environment and resting on an elas-
tic foundation according to the TSDT and FEM.
Ahmed et al. [12] used the nonlocal higher-order
plate theory to study the dynamic response of
the FG porous piezoelectric nanoplate in a ther-
mal environment based on the DQM. According
to the modified couple stress theory and FSDT,
the force and free vibration of the sandwich mi-
croplates with epoxy reinforced with graphene
platelets core and two piezoelectric layers un-
der external electric voltage were investigated by
Abbaspour et al. [13]. Based on KPT and DQM,
Wang et al. [14] researched the static bending
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and free vibration of FGP plates resting on an
elastic foundation.

The modified strain gradient theory with
three length-scale parameters was proposed by
Lam et al. [15]. According to the MSGT and
Timoshenko beam theory, Li and Feng [16]
study microstructure-dependent static bending
and free vibration of the piezoelectric beam un-
der the transverse mechanic load and exter-
nal electric voltage. Mohammadi et al. [17]
used the KPT to investigate the buckling of
the rectangular plate based on the MSGT. Be-
sides, the modified strain gradient theory was
derived in general curvilinear coordinates and
performed by Ashoori and Mahmoodi [18]. Ac-
cording to the KPT, Hosseini et al. [19] pre-
sented the analytical biaxial buckling of the or-
thotropic multi-microplate system resting in the
Pasternak foundation using MSGT. Based on
the Euler-Bernoulli beam theory combined with
FEM, Kandaz et al. [20] studied the bending of
the gold microbeam according to the MSGT and
MCST. Besides, Karamanli et al. [21] employed
the quasi-3D theory and MSGT to present the
size-dependent free vibration of the FG porous
microbeams.

The isogeometric method was first proposed
by Hughes et al. [22]. After that, many re-
searchers used IGA to investigate the mechan-
ical behaviours of the structures. For instance,
Bazilevs et al. [23] employed the IGA to analyze
wind turbines and turbomachinery. Takizawa
et al. [24, 25] studied the computational prob-
lem of cardiovascular medicine and flow analy-
sis according to the IGA, respectively. In addi-
tion, flow computations by using the mesh mov-
ing methods like the space-time and arbitrary
Lagrangian—FEulerian methods were introduced
in [26]. On the other hand, the size-dependent
free vibration, bending and buckling of the mi-
croplates based on the MSGT and IGA can be
found in Refs. [27, 28, 29]. Furthermore, the
computational cost of IGA was also clearly dis-
cussed and investigated in Ref. [22]. To the
best author’s knowledge, there is no investiga-
tion using the MSGT and RPT with two vari-
ables to study the free vibration of the FGPP mi-
croplates under external electric voltage. There-
fore, in this article, we employ the RPT with two
variables and MSGT to present the free vibra-
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tion of the FGPP microplates under the external
electric voltage. The influence of the MLSPs,
types of porous distributions, porosity distribu-
tions and geometrical parameters on the natu-
ral frequency of the FGP porous microplates are
presented and discussed.

2. The Basic Equations

2.1. Material properties of the

FGPP microplates

Let us consider the FGPP rectangular and cir-
cular microplates with the thickness h, as seen in
Fig. 1. The pores are distributed across the plate
thickness in uniform and non-uniform porous
distributions. The material properties of the
uniform porous and non-uniform porous distri-
butions are formulated as [12]

C,jj = Cijl (1 — 606)
p =p1 (1= emf)
1] — ezyl (]- - 605)
Z] == kl]l (1 - 605)
sy
(1)

Cij = Cij1 (1 — epcos (%))
= (1 enes ()

€ij = €51 (1 — epcos (%))
dij = dij1 (1 — €pCos (%Z))

where ¢;; and p are stiffness coeflicient and den-
sity, respectively; e;; and d;; are piezoelectric
and dielectric constants. Index “1” indicates the
maximum value of the material properties. Be-
sides, eg and e, are the porosity coefficient and
porosity coefficient of density which are defined
as follows

eg = —%: —@ ,0< ey <1
em=1—-220<ep, < 1
in which F4, G; and p; are the maximum Young
modulus, shear modulus and density, respec-
tively; Fo, G2 and ps are the minimum Young

modulus, shear modulus and density, respec-
tively.

Uniform :

Non—uniform :

(2)
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2.2. The refined plate theory

with two variables

According to the RPT with two variables [30],
the displacement fields at any point of the FGPP
microplate are presented as follows

u=u +zus + f(2)us;

0
u; = 0 ]
wp + Wg
—Wh,x
_Wb,y )
0

wS,’.E

>
Ws,y (5

0

Ug =

us =

where wp and w, are bending and shear deflec-
tions along the z-directions, respectively. Index

W

) stands for the differential operator; f(z) =

7% is the distribution function.

According to the displacement fields in Eq.
(3), the linear strain tensor is presented as

- {a - {Eton)

Wh,zx:
Wo,yy (3
2Wp,zy

(4)

where

€p1 = —

Ws, zx
Ep2 = Wsyy (5

2Wg 2y
) Ws .z
T {wsy} .
The electric potential can be assumed to contain

cosine and linear variation across the plate thick-
ness to fulfill Maxwell’s equation as follows [31]

B(e,0,2) = 9()o(,0) + Vo (6)

where @ is the electric potential; Vy is the ini-
Tz

tial electric voltage. Also, g(z) = —cos(57) is a
distributed function.
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Uniform porous

Fig. 1: The geometry of the FGPP rectangular and circular microplates.

Based on Maxwell’s equation, the electric field

can be derived from Eq. (6) by
E=-Ad
or
E, o, 9(2)0.x
Eyo=—9® p=—q 9()da (7)
E, P, gl(z)¢ + %

where E,, E,, E. are the components of the
electric field.

The rotation gradient tensor of the plate
based on the displacement fields in Eq. (3) is
expressed by

X = (v0+v0T):{ X }

" xs

X1 + f(2) x20 }
1 T
0:§(Vu—Vu )

1
2

(®)
I (2) x1s

where

Xo = {Xex Xpy Xow} iXs = {Xez Xye}':
(9)
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1 4wy gy + 2Ws 1y
X1b = Z _4wb,my - 2ws,zy 5
2 (wb,yy - wb,zm) + (ww,yy - ws,za:)
1 —2ws,my 1 — Wy
X2b = Z 2ws,wy y X1s = Z w
Ws zax — Ws,yy 5T

Similarly, the dilatation gradient tensor accord-
ing to Eq. (3) takes the forms

Ca: Exxx + Eyy,x + Ezz,x
¢=19 % Erxay T Eyyy T €22y ¢ = -
Cz Exx,z + Eyy,z + 5zz,z

Cit+2C+f(2)C+f(2)C
(10)
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where

0
0

{ —Wh,zx — Wh,yy }

Wy, xxx + Wy, zyy

C2 = —{ Whyyy T Whzay ¢ 3
0

Ws,rrx + Ws, zyy
Ws,yyy T Ws,zxy

0
0
Ci = 0
Ws,zz + Ws yy
In addition, the deviatoric stretch gradient ten-
sor is expressed as follows

o= o=
(12)

where

T
m = {nmw Myyy  Myyz  Nzzy  Neza Uzzy} ;

T

Ms = {nzzz Nexz  MNyyz nmyz} ;

1

Mije = 5 (Eijk + ki + ik g) = -
1
15
Oik (Emm,j + 25mj,m)) — ..

1
15

(6ij (5mm,k: + 25mk,m) + ...

(5jk (Smm,i + 2€m1m)) 5

(13)
*2wb,mmx + 3wb,myy
_2wb,yyy + 3wb,z:cy

_ 1 Wy, xxx — 4wb,xyy

7o ) Wy, yyy — 4wb,a::ry

Wh,zzx + Wy, zyy

Wh,yyy + Wh,zzy

2ws,zx:}c - 3ws,zyy

2ws,yyy - Sws,wzy

— 1 _ws,a:ww + 4ws,wyy

b2 5 | —Ws,yyy + 4ws,aca¢y
*ws,zmx - ws,xyy
_ws,yyy - ws,xmy

_Sws,x
—3Ws y
J— 1 _ws7x .
le3—ﬁ —wey [
4w 4
dws
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BWp gz + 3Whyy — 3Ws,zz — 3Ws,yy

_4wb,ww + Wy, yy + 4ws7ww — Ws,yy

1
Ns1 = &
1) —dwp,yy + wope + 4Ws yy — Ws aa
—OWb,zy + OWs,zy
*6ws,rac - 6ws,yy
1 J 8ws e — 2w
— S,ZT $,YY
Ns2 = )

B Sws,yy - 2ws,maz
10ws 2y

in which, ¢ denotes the Kronecker’s delta.

The constitutive equations of the FGPP mi-
croplates employing the MSGT [15] can be pre-
sented as follows

Ox ci1 Cci2 O 0 0 €z
Oy ci2 ¢2 0 0 O Ey
?zy = 0 0 Ce6 0 0 Yy -
?xz 0 0 0 C44 0 Va2
?yz 0 0 0 0 555 ’sz
[0 0 e31
0 0 es3 FE,
0 0 0 Ey, ¢
e 0 0 E,
_0 €15 0
(14)
Ex
Dx 0 0 0 €15 0 Ey
Dy = 0 0 0 0 €15 Yoy ¢ T+ -
D, es1 e 0 O 0 Yoz
Vyz
k11 0 0 E,
0 22 70 Ey, ¢
0 0 ki3 FE,
Mys 1 0 0 0 O Xzz
My 01 0 0 O Xyy
May ¢ =20l [0 0 1 0 0|4 Xay ¢
My, 00 0 0 1 Xyz
Dz 1 0 0f (G
py o =2ul3 |0 1 0[<¢p;
Dz 0 0 1] (¢
Tyyy 01 0 0 0 O Nyyy
Tyye | 2|10 0O 1 0 0 O Nyyz | .
Texy = 2uls 000100 Neay [
Tosa 0O 00 0 1 0 Nazza
Tezy 0O 00 0 0 1 Nezy

where 0,0y, Toy, Taz, Ty, are the stress com-
ponents; D, Dy, D, are electric displacements;
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m;j, pi and 7,5, are the components of the higher
stress tensor; Iy, ls, I3 are three LSPs; is Lame’s
coefficient. Furthermore, ¢;;, €;; and k;; are the
reduced elastic coefficients, piezo-electric con-
stants and dielectric coefficients, respectively,
are defined as following

2 2
o Ci3. - _ 13,
C11 = C11 — ; C12 = C12 — ;

C33 C33
C66 = Cp6;5 C55 = €555 C44 = C44;
_ €33C13  _ ) (15)
€31 = €31 — ; €15 = €15;

C33

2
kss = kas + —==; k11 = kn1
€33

The constitutive equations (14) in matrix form
is rewritten as follows

oy = Cypep — Cuer By
0s = Cyses — CuesEg;
D, = CL .5 + CeerEp;
D, = C s + CeesEy;
my, = 24131353,

m, = 2uliTox 2

p = 2ul313.5¢;

Ty = 2013 6% 6M;

Ty = 2ul3T 45 4ms
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where

O'bZ{Um Oy ?xy}T;
o= {To: Ty}
D,={0 0 D.}";
D,={D, D,2\";
E,={0 0 E;
E,={E. E,};
my = {mpe My, M)
m, = {m,. my,.}";
p=1{p. py p:};

T
Toza Tezy) |

Th = {Tzzx Tyyy Tyyx Taaxy

T
Ts:{Tzzz Texz Tyyz Txyz}§

i1 ¢i2 0 = 0
Cup=|C12 Coa 0 ];Cyus= [ (5)5 = } ;
0 0 ¢Cgp Cad
€15 0 . . k11 0 .
Cues - l: 0 515:| ) Cees - |: 0 E11:| )
(17)
0 0 es 0 0 O
Cueb =0 0 es1 | ; Ceeb =0 0 0
00 0 0 0 ka3

In addition, m, p and 7 are the higher-order
stress tensors; Ioxs, Isxs, Iixa, Igxg are the
identity matrices of size of 2 x 2, 3 x 3, 4 x 4
and 6 x 6, respectively.

2.3. The Hamilton principle

Based on the Hamilton’s principle, the governing
equation of the FGPP microplates is expressed

as follows
t
/ (5H+5K—5v) —0
0

where 611, 0 K and §V are the virtual strain en-
ergy, kinetic energy and work done by the exter-
nal electric voltage, respectively.

The virtual strain energy of the FGPP MSGT
microplate is defined as [15]

selop+elo, — 0B Dy — ...
6H:/ T . - o dv
v \E.D;+déx m+d(' p+on T

(19)

(18)
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The virtual kinetic energy is express as
0K = / sa’ mudQ
Q

where

u;
u=<{ us,;
us
I, 0 O]
m=|0 I, 0]; (21)
0 0 I,
L I Iy
Lyi=|L I3 Is|;
I I, I

(-[17]27 -[37 -[47-[57 -[6) =

h/2
/ p(2) (1,2,22,f, zf, f2) dz

—h/2

Besides, the virtual work done by the external
electric load is taken by

SV=nh / SNTN.N,,dQ (22)
Q
in which

N, — {wb,r + ws,x} .

w = + w, )
by T (23)

N, — —2e31 Vg 0
‘o 0 —2e31 Vo]’

Inserting the necessary equations into Eq. (18),
the weak form of the equation of motion is re-
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formed as follows

/ 68T D ,8°d0 + / 67 TD,~v%dQ — ...
/ 07 TD,, EPdQ — / 07 T Dy E5dQ — ..
/ SEVDT  zbdq — / SESTDT ~%dQ —

/ SEMTD, ., B — / SETD,, B0 + ...
Q Q

/ 5x""DIT)x"dQ + / Sx* DT dQ + ...
Q Q
/6ETDdzlEdQ+/ 6ﬁbTDdebf‘deb’F]bdQ+...
Q Q

st DT gedQ 4+ [ sulmuadQ — ...

Q Q

h | SNIN.N,dQ =0
Q

where

= Ay By 5 _ |Aw
Dub - |:Bb Db 7Drb - |:Brb

h/2
(AbaBban) = / (

Brb A
Drb '

Zza Zfa f2) Cubdz>
h/2

fh}/jg 2l (1, Ji f’2> I3.3dz;

fh}/,j2 2uly” (L 1", f”2) Iy;0dz;

(Arln Brba D7 b

(Ars ) BTS7 Dre

h/2 )

Du,s = / (1 + fl) Cidz7
—h/2

D“ffb = {Cieb Cieb} )

h/2
(Cueb7 Cueb) - /

Cueb (Za f) g/dz;
—h/2

_ h/2
Dues - _/ Cues (1 + f/) gdZ,

h/2
h/2
f/L/Q eeQQQdZ;

(25)

eeb f h/2 eebg/QdZ Dees = f

Agi
5 | DBai

Byg;
Dy; )
Fyi Hg Og|’
Ly Og Py

Biey  Caep
Dgey  Faen
Faeo  Haep
Laes  Odep

Cai
Fy;

Eg;
Lg;
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(Adi, Bai, Dai, Cai, Bas, Fai, Las, Hai, Ogi, Pai) = ...
Mia2nta® (L2 £ 2 f o f SR ) Tagad

(Ades, Baehs Daeb, Caeps Baew, Faeb, Liaes, Haeps Oden, Paep) = -

jf{jQ 2,“4132 (L 2, 227 f7 f”v va Zf”v fz(z)-, ff”v f”z) Iﬁwﬁdz;

(Adesa Bd€S7 Ddes) = ff;/L?Q 2,U/l32 (L f/7 f/2) I4w4dz;

N Ars Brs N Ades Bdes
D'r‘s - |:Brs Drs:| ,Ddes - |:Bdes Dd68:|
Tyep 0 0 0
£ _| 0 Tiww 0 0
deb — 0 0 Fdeb 0 )
0 0 0 Tye

0 Ty’ 0 | 0 Laes
T, =diag (1,1,2); T'ys = diag (2,2) ;
Lyep = diag (1,1,3,3,3,3); Tyes = diag (1,3,3,6)

f7-11 = |:I‘T‘b 0 :| :frs = |:I‘” 0 } 5 f‘des = |:I‘dcs 0 :|§

2.4. The isogeometric

approximation

The displacement vector u according to the
NURBS basic function [22] is approximated as
follows

mXn
u(z,y) = Y Ni(z,y)ar (26)
I=1
where
NI (xvy) 0 0
NI (x,y) = 0 NI (1‘7?]) 0 3
0 O NI (Jf,y)
qr = {'wbhwsla SDI}T
(27)

in which Ny(z,y) is the NURBS basic function.

Substituting Eq. (26) into Eqgs. (4), (8),
(10) and (12), the strain, the rotation gradient,
dilatation gradient, deviatoric stretch gradient
tensors and electric fields can be rewritten as
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follows
_ mxn n
- €p1 Byis =
& = {E } = {B }OII = Byrar;
b2 — v2rI —
i mxn _ _ mxn _ _ mxn _
v =Y Byds; E' = Y Baran E* = Y Begar
I=1 I=1 I=1
b_ X1l _ BTI _ . .
X —{ b} = Z { b2 (A1 = B.vrar;
X2 =1 Byl =1
mXxXn
XS = Z BT‘GIqI7
=1
(28)
’F]l{ mxn B‘li?b mxn
—b —_ —
A =Smhp=> (B bar= > Bawrars
75 =1 | Bg¢b I=1

mXxXn

i\ _ N~ [B S B
ﬁs = {—s} = { des} qr = BdequI
2 =1 B! =1

0
B, = [8 %ﬁm 8] iBear =49 0 ¢3
Yy _NI
_ J—=Nr. = 10 Niry O
Bes[ - {_Nf,y} ) BrsI Z |:0 NI,m 0:| )
NI,zm 0 0 0 N[,zz 0
Buyur=—| Nryy 0 0f;Bpr= [0 Nryy 0];
2Nizy 0 0 0 2Nj., O
(29)
_2NI,:1:1::6 + 3NI,a:yy 0 0
—2N[7yyy + 3NI,I$y 0 0
B(il(;b _ 1 NI,a:xz - 4Nl,myy 0 0 .
5 N],yyy — 4N[7$xy 0 0f”’
Nl,zzz + NI,myy 0 0
Nl,yyy + NI,mxy 00
0 2Nizae —3Nrgzyy O
0 2Nryyy —3Niamy O
deb __ 1 0 _NI,(EI:L’ + 4Nl7zyy 0 .
2 = 5 (0 _NI,yyy+4NI,ma:y 0]’
0 _Nl,wxw - NI,wyy 0
0 —Niyyy — Nigay 0
0 —3N. 0
0 —3N;, 0
Bdeb — 110 —Nr. 0f.
715100 =Np, 0
0 4N;, 0
0 4N, O
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3Nrez +3Nryy —3Nige —3Niyy 0
Bdes_i _4Nl,ww+NI,yy 4N1,wx_NI.yy 0 .
U795 | AN,y + Nigw  4Nryy — Nrge 0]’
—5N71 2y S5SNI zy 0
0 —6Nj7ge —6Nry, O
Bdes 1 10 8Nrae —2Nry, Of .
N 15 |0 8NI,yy - 2NI,:L’:E o~
0 10N, 0
4N[’1y 2N1,my 0
B?‘II = % _4NI7:zy _2NI,.’I:y 0 5
2 (Nl,yy — Nigg) Niyy = Nige O
0 2N 2y 0
0 NI,Im - Nl,yy 0
0 0 0
Bé! = 0 0 0];
NI,m - Nl,yy 00
) 7NI,1‘T’I‘ NI,myy 0 0
Bg}l = _Nl,yyy - NI,mmy 0 0 5
0 0
0 NI,a::z:z: + Nl,zyy 0
dez = |0 Nriyyy+Nizwy Of;
0 0 0
_ 0 0 0
B{! = |0 0 0

0 NI,za:+NI,yy 0

Inserting Eq. (26) into Eq. (23), the vector Ny,
is reformed as

mXn
. D . D . NI,:L’ NIA,:E 0
Nw - ; Bqu17 BgI - |:NI,y N[,y O:|
(30)
Besides, the displacement vector can be rewrit-
ten as

u; mxn Nl] mxn
U=quz = Z Nor par = ZNIQI
us I=1 N3[ I=1

(31)
where
0 0 0 ~Niz 0 0
NH— 0 0 0 ,NQ]— _nyy 0 O;
Ny Ny O 0 0 0
0 Nip O
N3, = |0 Ny, O
0 0 O
(32)
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Substituting Eqgs. (28), (30) and (31) into Eq.
(24), the weak form for free vibration analysis of
the FGPP microplate can be expressed as

(K - wQM)q -0 (33)
where w and ¢ are natural frequency and mode
shapes, respectively; whereas K and M are the

global stiffness matrix and mass matrix, respec-
tively, defined as follows

K = [,,BID,;BydQ + [, BTD, ,B,dQ — ...
fQ B;{]:_)ueI)P’ebdQ - fQ P)Tf)uesBesdQ — ...
[, BLDT , BydQ — [, BLDT B,dQ — ...

ues
fQ B;ﬁeebﬁebdQ — fQ BeSDeesBesdQ + ..
JoBLD,wI,,B,,dQ + [, BID,,T,B,dQ + ...
Jo BEDaiBaidQ + [, BY, DT s BaepdQ + .

Jo BE. DaesTaesBaesdQ — [, BTN, B,dQ;
(34)

M = / NTmNdQ; q = ge™!
Q

3. Numerical Results

Firstly, we consider a FGP square plate with the
material properties given in Ref. [32] to verify
the accuracy and accord of the proposed model.
The boundary conditions combine with clamped
(C) and simply supported (S) edges. Table 1
shows the natural frequency @ = wa?+/p./E. /h
of the FGP square plates with various exter-
nal electric voltages and BCs. As we see in
Tab. 1, the numerical results of the presented
method match very well with those given by Su
et al. [32]. The comparison results in Tab. 1
show that the proposed model is accurate and
in accord.

Next, a FGPP rectangular microplate with
the material properties shown in Tab. 2 is in-
vestigated. For numerical investigation of the
problem, the three LSPs are taken the same
(lh, = Iy = I3 = 1) [15]. The effect of the
porosity coefficient and scale-to-thickness ratio
(I/h) on the dimensional natural frequency w =
wa?y/p1/ci11 /h of the FGPP square microplate
with various porous distributions is tabulated
in Tab. 3. It can be seen that from Tab. 3, a
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rise of the porosity coefficient and LSPs makes
a decrease and increase of the first dimension-
less natural frequency of the FGPP microplates,
respectively. Table 4 presents the first dimen-
sionless natural frequency of the FGPP square
microplates with various external electric volt-
ages. We can see in Tab. 4 that the natural fre-
quency of the FGPP microplate decreases with
an increase of the electric voltage. Finally, the
influence of the length-to-thickness and width-
to-length ratios on the first dimensionless nat-
ural frequencies of the SSSS FGPP rectangular
microplates is listed in Tab. 5. The frequency
of the microplate increases and decreases with
a rise of the length-to-thickness ratio and the
width-to-length ratio, respectively.

Furthermore, the free vibration of the FGPP
circular microplates with radius R and thick-
ness h is investigated. Table 6 presents the
influence of the LSPs and porosity coefficient
on the first dimensionless natural frequency
© = wR?\/p1/c111 /h of the FGPP circular mi-
croplates. It can be observed that from Tab. 6,
a rise of the scale-to-thickness ratio and porosity
coefficient makes a rise and a decrease of the nat-
ural frequency of the FGPP microplates, respec-
tively. Besides, the first five non-dimensional
natural frequenciesof @ the FGPP circular mi-
croplates with various radius-to-thickness ratios
and external electric voltages are tabulated in
Tab. 7 and Tab. 8, respectively. As we see in
Tab. 7 and Tab. 8, an increase of the radius-
to-thickness ratio and external electric voltage
leads to the growth and decrease the frequency
of the microplates.

4. Conclusion

In this paper, the size-dependent free vibra-
tion of the FGPP microplates with various
porous distributions, including uniform and non-
uniform distributions under the external electric
load was first studied based on the RPT with
two variables, MSGT and IGA. The accuracy
and accord of the proposed method have been
verified through comparisons with previous ref-
erences. The influence of the LSPs, porosity dis-
tributions, porous coefficient and geometries on
the natural frequency of the FGPP rectangular
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and circular microplates was investigated in de-
tail. The results show that a rise in the LSPs and
length-to-thickness ratio leads to an increase in
the stiffness of the microplate, while a rise in the
porous coefficient, electric voltage and width-to-
length ratio makes a decrease in the microplate’s
stiffness. The numerical results of the proposed
model can be considered benchmark results for
further studies of FGPP microstructures.
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Tab. 1: The nondimensional vibration frequency of the SSSS FG piezoelectric square plates with (a/h = 100, I = 0).

p=0.1 p=1 p=2 p==6
BCs  Wo(V) Ref. [32] Present Ref. [32] Present Ref. [32] Present Ref.[32] Present

-200 9.483 9.490 9.083 9.088 8.988 8.987 8.865 8.853

CcCCC 0 9.426 9.433 9.011 9.016 8.910 8.909 8.780 8.768
200 9.369 9.376 8.938 8.944 8.831 8.831 8.694 8.681
-200 5.721 5.744 5.475 5.502 5.417 5.441 5.342 5.360

CFCF 0 5.699 5.693 5.410 5.437 5.346 5.371 5.264 5.282
200 5.617 5.641 5.343 5.372 5.273 5.300 5.185 5.204
-200 7.670 7.673 7.354 7.355 7.280 7.277 7.184 7.172

SCSC 0 7.606 7.609 7.272 7.274 7.192 7.188 7.088 7.075
200 7.540 7.544 7.190 7.192 7.102 7.099 6.989 6.977
-200 1.796 1.800 1.743 1.748 1.733 1.738 1.720 1.723

CCFF 0 1.695 1.699 1.616 1.622 1.596 1.602 1.571 1.574
200 1.586 1.591 1.474 1.482 1.441 1.449 1.400 1.405

Tab. 2: The material properties of the FGPP microplate.
Properties Pzt-4

Elastic (GPa)

c11 = o2 = 138.499; c1o = T7.371; c13 = 73.643; c33 = 114.745; c55 = 25.6; ce6 = 30.6

Piezoelectric constant (Cm™2)

€31 = *52, €33 = 15.08; €15 = 12.72

Dielectric constant (1079 C?m=2N-T)

kll = 1306, k}33 =1.115

Density (kgm~=3)

7600

Tab. 3: The first dimensionless natural frequency of the FGPP square microplates with various scale-to-thickness
ratios and porosity coefficients (a/h = 10, Vy = 0).

I/h

Type BCs e 0 0.1 0.2 0.5 1
01 5.8628 6.0684  6.6466 9.7750  16.7027
SSSS 0.2 57572 5.9591  6.5269  9.5998  16.4018
0.3 5.6426 58404  6.3969  9.4086 16.0752

01 25572 26937 3.0520 4.7542  8.2705

SFSF 0.2 25111 2.6451  2.9970  4.6685 8.1215
Uniform 0.3 24611 25925 29373  4.5756  7.9598
01 81076 84221 0.2947 13.8079 23.9276
SCSC 0.2 7.9616 8.2704  9.1273 13.6475 23.4965
0.3 7.8030 8.1057 8.9455 13.3758 23.0286
01 97343 10.1256 11.2063 16.8540 29.0911
CCCC 0.2 95580 9.9431 11.0044 16.5512 28.5670
0.3 9.3686 9.7452 10.7853 16.2217 27.9982
01 59367 6.1405 6.7146  9.8340 16.7635
SSSS 0.2 59148 6.1135 6.6738  9.7294  16.5415
0.3 58061 6.0899 6.6369 9.6274 16.3179

01 2.5928 2.7276  3.0827 4.7785  8.2939

SFSF 0.2 2.5874 27181  3.0636 4.7233  8.1767

Non- 0.3 25843 27109 3.0464  4.6688  8.0583
uniform 01 8.1992 85125 93830 13.9886 24.0490
SCSC 0.2 81558 8.4633  9.3179 13.8487 23.7678
0.3 81134 84161 9.2566 13.7135 23.4874
01 9.8307 102222 11.3040 16.9705 29.2670
CCCC 0.2 97625 10.1486 11.2155 16.8071 28.9559
0.3 9.6921 10.0745 11.1296 16.6499 28.6484
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Tab. 4: The first dimensionless natural frequency of the FGPP square microplates with various external electric
voltages and porous distribution (a/h = 50, eg = 0.1, [/h = 0.2).

BCs
Type  Vo(V) —gg59SFSF SCSC CCCC  CCFF
-500 6.8765 3.1220 9.9616 12.3211  2.2024
Uniform 0 6.8579 3.1000 9.9474 12.3086 2.1790
500 6.8302 3.0779 9.0332 12.2961 2.1553
500 6.9561 3.1549 10.0761 12.4620 2.2255
6.9376 3.1331 10.0621 12.4497 2.2024
500 6.9191 3.1112 10.0480 12.4373 2.1789

Non-
uniform

Tab. 5: The influence of the width-to-length ratio and length-to-thickness ratio on the natural frequency of the
SSSS FGPP rectangular microplates (eg = 0.4, I/h = 0.4, Vp = 0).

a/h
Type  b/a — 20 30 0 50

1 80700 82707 8.3108 83251 8.3317
Uniform 1.5 5.8839 5.9888 6.0093 6.0165 6.0199
2 5.1090 5.1873 5.2024 5.2078 5.2102
84039 8.6178 8.6604 8.6756 8.6826
1.5 6.1293 6.2406 6.2623 6.2699 6.2735
2 5.3226 54055 5.4215 5.4271 5.4298

Non-

uniform

Tab. 6: The first dimensionless natural frequency of the FGPP circular microplates with various scale-to-thickness
ratios and porosity coefficients (R =1, R/h = 10, Vo = 0).

I/h
Type BCs e 0 0.1 0.2 05 1
0.1 1.6318 1.6795 1.8146 2.5636 4.2704
SSSS 0.2 1.6024 1.6493 1.7819 2.5174 4.1935
0.3 1.5705 1.6164 1.7464 2.4673 4.1100
0.1 29724 3.0864 3.4005 5.0617 8.6963
CCCC 0.2 29188 3.0308 3.3392 4.9705 8.5396
0.3 28607 2.9705 3.2728 4.8715 8.3696
0.1 1.6553 1.7024 1.8360 2.5799 4.2826
SSSS 0.2 1.6526 1.6983 1.8280 2.5536 4.2223
Non- 0.3 1.6516 1.6958 1.8216 2.5281 4.1615
uniform 0.1 3.0122 3.1254 3.4372 5.0921 8.7266
CCCC 0.2 3.0039 3.1142 3.4184 5.0384 8.6095
0.3 29976 3.1053 3.4020 4.9862 8.4916

Uniform
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Tab. 7: The first five dimensionless natural frequencies of the FGPP circular microplates with various radius-to-

thickness ratios (R =1, e = 0.4, [/h =0.3, Vp = 0).

Mode

Type BCs R/h i 5 3 7] 5
5 1.8551 4.8014 4.8203 8.3556  8.3574
9SS 10 1.8997 5.0979 5.1044 9.1651  9.1664
15  1.9087 5.1648 5.1679 9.3707  9.3718
Uniform 20 1.9119 5.1893 5.1911 9.4487  9.4498
5 3.3767 6.6823 6.7299 10.4954 10.5203
coce 10  3.6352 7.4295 7.4500 11.9710 11.9820
15 3.6979 7.6289 7.6393 12.4036 12.4098
20 3.7218 7.7066 7.7128 12.5704 12.5878
5 1.9499 5.0043 5.0308 8.6618  8.6621
3§98 2.0032 5.3534 5.3625 9.6016  9.6025
2.0139 5.4328 5.4371 9.8430  9.8439
Non- 2.0177 5.4619 5.4644 9.9350  9.9359
uniform 5 3.5285 6.9356  6.9996 10.8483 10.8639
coce 10 3.8173 7.7825 7.8101 12.5201 12.5231
15  3.8870 8.0095 8.0236 13.0061 13.0198
20 3.9135 8.0979 8.1063 13.1980 13.2223

Tab. 8: The effect of the external electric voltage on the first five dimensionless natural frequencies of the FGPP

circular microplates (R =1, R/h =50, eg = 0.1, [/h = 0.2).

Mode
Type BCs  Wo(V) i 5 3 7} 5
-500 1.8499 4.9492 4.9493  9.0096 9.0103
SSSS 0 1.8295 4.9299 4.9300 8.9905 8.9913
Uniform 500 1.8088 4.9105 4.9106 8.9715 8.9722
-500 3.5295 7.3282 7.3287 11.9822 12.0275
CCCC 0 3.5168 7.3134 7.3140 11.9664 12.0117
500 3.5041 7.2986 7.2992 11.9506 11.9959
-500  1.8719 5.0071 5.0073  9.1145 9.1152
SSSS 0 1.8517 4.9880 4.9882  9.0956 9.0964
Non- 500 1.8312  4.9689 4.9690 9.0768 9.0776
uniform -500 3.5701 7.4126 7.4132 12.1195 12.1659
cccece 0 3.5576  7.3980 7.3985 12.1038 12.1503
500 3.5450 7.3833 7.3839 12.0882 12.1347
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