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Abstract. This study introduces a novel numer-
ical procedure for conducting shakedown anal-
ysis on structures subjected to cyclic loads.
The determination of safety load multipliers is
achieved through the integration of the edge-
based smoothed finite element method (ES-
FEM) and conic programming. By applying the
smoothing technique, all constraints are satisfied
in an average manner within the smoothing do-
mains, as opposed to at numerous Gauss points
in the Finite Element Method (FEM). This ap-
proach results in a reduction in the problem size
and the number of variables. The formulated op-
timization problem associated with the standard
form of second-order cone programming (SOCP)
is addressed using highly efficient solvers. A
series of benchmark examples is examined to
demonstrate the computational efficacy of the
proposed method.
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1. Introduction

Establishing safe limit states is pivotal in engi-
neering structural design. Limit and shakedown
analyses, recognized methodologies for estimat-

ing collapse loads, play a vital role in support-
ing safety assessments. In limit analysis, struc-
tures undergo incremental loads until reaching a
point of load-carrying capacity loss. Conversely,
shakedown analysis investigates structures sub-
jected to repeated or cyclic loads. The objective
of both analyses is to compute the maximum
load that structures can sustain.

Within the framework of limit and shakedown
analyses, the collapse load can be directly deter-
mined through optimization problems, offering
a streamlined approach and reducing computa-
tional costs. In recent years, the application
of second-order cone programming (SOCP) as
an efficient optimization tool has gained promi-
nence in various studies, leading to significant
contributions in the field [1–5]. Simultane-
ously, multiple numerical procedures for limit
and shakedown analyses, based on finite element
methods and mathematical programming, have
been developed over the past decades [6–11].
These endeavors aim to create a numerical tool
that is efficient and robust enough for practical
engineering applications.

In the realm of finite element framework, Liu
et al. [12–14] introduced smoothed finite element
methods (SFEM), wherein compatible strains
are replaced by smoothed strains within local
smoothing domains. Various types of SFEM,
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such as cell-based SFEM (CS-FEM), node-based
SFEM (NSFEM), edge-based (ES-FEM), and
face-based SFEM (FS-FEM), exhibit distinct
characters and properties, successfully applied in
limit and shakedown analyses [5,15–17]. Among
these models, the ES-FEM stands out for its
effective properties in solving limit and shake-
down analyses [18, 19]. Building on this re-
search, the paper further develops ES-FEM for
shakedown analysis of structures made of elastic-
perfectly plastic material. The integration of
ES-FEM with second-order cone programming
in the shakedown static formulation ensures an
effective and accurate solution to the optimiza-
tion problem, minimizing computational efforts.

The paper adheres to the following organiza-
tional structure. The subsequent section intro-
duces the static shakedown formulation in Sec-
tion 2. . Section 3. provides a concise overview
of the ES-FEM. Following this, Section 4.
presents the formulation of the discretized prob-
lem as a second-order cone programming. To
showcase the effectiveness of the proposed pro-
cedure, Section 5. includes a presentation of
benchmark examples.

2. Static shakedown
analysis

Consider an elastic-perfectly plastic structure
subjected to a time-independent external load q.
The structure is confined within a planar area Ω
delineated by the static boundary Ωt and the
kinematic boundary Ωu. A statically admissible
stress field is approximated. The total stress at
any point x within Ω is expressed as follows:

σ(x, t) = σE (x, t) + ρ(x, t) (1)

where σE and ρ denote the fictitious elas-
tic stress and the residual stress, respectively.
The obtained stress field is required to satisfy
the equilibrium condition as well as the static
boundary constraints for the static formulation.
As the fictitious elastic stress field maintains
equilibrium with the external pressure, the resid-
ual stress field is compelled to self-equilibrate.

Melnan’s theorem states that shakedown be-
havior will occur when there exists a positive

load multiplier λ and a residual stress field ρ
that satisfies the yield function at any point of
the structure for any loading path within the
loading domain P at any time

ψ [λσE (x, t) + ρ(x, t)] ≤ 0, ∀x ∈ Ω (2)

Following the work of König and Kleiber [20],
shakedown behavior only occurs when the load
paths reach the vertices of the convex load do-
main. Therefore, instead of checking the yield
condition at all times of the loading cycle, it is
sufficient to check at every vertex. The stress
state at point x can be rewritten as follows:

σ(x) = σE (x) + ρ(x), ∀x ∈ Ω (3)

The static principle of shakedown analysis can
be now expressed as

λ̄sd =maxλ

s.t


∇ρ(x) = 0, in Ω

nρ(x) = 0, on Γt

ψik [λσE (x) + ρ(x), σp] ≤ 0, in Ω

(4)

where ψik is the yield function corresponding to
the ith yield point and the kth load vertex. The
von Mises yield criterion is utilized in this study
and is given for plane stress by

ψik(σ) =
√
σ2
xx + σ2

yy + σxxσyy + 3σ2
xy − σp

(5)
and for plane strain by

ψik(σ) =

√
1

4
(σxx − σyy)

2
+ σxy − σp (6)

where σxx, σyy and σxy respectively denote the
nodal stress components, and σp is the yield
stress of material. The outward surface normal
is given as

n =

nx 0
0 ny
ny nx

 (7)

It is worth noting that limit analysis is a spe-
cial case of shakedown analysis when there is
only one load, and it does not vary. The formu-
lation (4) is then reduced to limit analysis.
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3. Brief of ES-FEM

The computational domain is discretized into
triangular elements. The smoothing domains
associated with the edges are created by con-
necting the two end-points of the edge with the
central point of adjacent elements, as illustrated
in Figure 1.

inner edge
boundary edge

Fig. 1: Smoothing domains in ES-FEM.

Applying the strain smoothing technique as
presented in [21], the smoothing version of the
strain-displacement matrix can be assembled as
follows:

B̃I(xl) =
1

As
l

N e
l∑

j=1

1

3
Ae

jB
e
j (8)

where N e
l , Ae

j , and Be
j denote the number of

elements, area of the jth element, and the com-
patible strain-displacement matrix of the jth el-
ement around the considered edge lth, respec-
tively. The area of the smoothing domain As

l

can be computed as:

As
l =

∫
Ωs

l

dΩ =
1

3

N e
l∑

j=1

Ae
j (9)

The matrix B̃I(xl) can be expressed as:

B̃I =

Ñ1,x 0 . . . ÑN ,x 0

0 Ñ1,y . . . 0 ÑN ,y

Ñ1,y Ñ1,x . . . ÑN ,y ÑN ,x

 (10)

where ÑI,x and ÑI,y denote the smoothed shape
function derivatives.

4. Numerical
discretization

Introduce the additional variable vector r =
[r1, r2, r3, r4]

T for plane stress as follows:

r1 = σp (11)

r2→4 = JTσ = JT(λσE + ρ) (12)

where

J =
1

2

 2 0 0

−1
√
3 0

0 0 2
√
3

 (13)

Similarly, the vector consisting of additional
variables for plane strain is given by

r =

r1r2
r3

 =

 σp
1

2
(σxx − σyy)

σxy

 (14)

Hence, the von Mises failure criterion can be
rewritten in the standard form of SOCP for the
plane stress problem as

L =
{
r ∈ R3 | r1 ≥∥ r2→4 ∥L2

}
(15)

and for plane strain as

L =
{
r ∈ R3 | r1 ≥∥ r2→3 ∥L2

}
(16)

The static formulation of shakedown analysis
in Equation (4) is now formulated as an SOCP
optimization problem as follows:

λ̄sd =maxλ

s.t


∇ρ = 0, in Ω

nρ = 0, on Γt

rik ∈ Lik, in Ω

(17)

The equivalent weak form of the equilib-
rium condition and static boundary condition in
Equation (17) can be expressed as∫

Ω

δϵTρ dΩ = 0 (18)

where δϵ denotes the virtual strain approxi-
mated based on the fictitious displacement field
using the relation δϵij = (δui,j + δuj,i) as

δϵ = B̃δu (19)
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where the strain-displacement matrix B̃ is de-
fined as Equation (8). The weak form in Equa-
tion (18) can now be expressed as∫

Ω

(
B̃δu

)T

ρ dΩ = (δu)
T
∫
Ω

B̃TρdΩ = 0 (20)

Due to δu being arbitrary, by using nodal in-
tegration, the above constraints can be satisfied
if ∫

Ω

B̃Tρ dΩ =

Nv∑
k=1

N∑
i=1

B̃TAiρik

=

Nv∑
k=1

N∑
i=1

Cikρik = 0 (21)

where N is the number of yield points, Nv is the
number of load vertices, Ai denotes the area of
the smoothing domain ith, and C is the matrix
that embodies the equilibrium conditions and
static boundary conditions.

Finally, the optimization problem is presented
in the following formulation:

λ̄sd =maxλ

s.t

{∑Nv

k=1

∑N
i=1 Cikρik = 0

rik ∈ Lik

(22)

It is important to note that the constraints
in Equation (22), which include the equilibrium
condition, the boundary condition, as well as the
yield criterion, are not precisely satisfied at ev-
ery point in the computational domain. Addi-
tionally, the fictitious elastic stress field is an
approximation of the exact field. Therefore, the
multiplier λ̄ obtained by Equation (22) repre-
sents only a quasi-lower-bound solution. How-
ever, with a sufficiently fine discretization of the
problem domain, the proposed approach can be
guaranteed to provide an accurate and reliable
value for λ̄.

5. Numerical results

5.1. Thin plate with a circular
cutout at center

The first investigation involves a thin square
plate with a central circular cutout under bi-

axial pressure, as depicted in Figure 2(a). The
provided data includes Young’s modulus E =
2.1× 105 MPa, Poisson’s ratio ν = 0.3, and the
material’s yield stress σp = 200 MPa. The ratio
of the plate’s length to the hole’s diameter is 5.
Since geometric and loading symmetry, only the
upper-right quarter of the plate is considered, as
shown in Figure 2(b). Figure 2(c) illustrates the
numerical discretization of the problem domain
using 176 triangular elements.

Tab. 1: Plate hole (p1 ̸= 0, p2 = 0): computed collapse
load factors.

Ne

FEM-T3 ESFEM-T3
λlm e (%) λlm e (%) τ (s)

130 0.8184 2.29 0.8120 1.50 0.01
414 0.8066 0.82 0.8041 0.51 0.03
1008 0.8029 0.37 0.8018 0.23 0.06
1656 0.8019 0.23 0.8012 0.15 0.09
2508 0.8013 0.16 0.8008 0.10 0.12
3484 0.8009 0.11 0.8006 0.07 0.24
Ne: number of elements, e (%): relative error,

τ (s): optimization time.

Tab. 2: Plate hole: comparison of solutions (λlm)

Author
Load cases (p1, p2)

(1, 0) (1, 0.5) (1, 1)
Present study 0.8006 0.911 0.896
Le et al. [17] 0.8010 0.911 0.895
Chen et al. [22] 0.7980 0.899 0.874
Zouain et al. [6] 0.8030 0.911 0.894
Groβ-Weege [23] 0.7920 0.891 0.882
Ho et al. [16] 0.8007 0.911 0.896
Ho and Le [11] 0.8001 0.902 0.871

The collapse and shakedown limits corre-
sponding to various loading conditions are con-
solidated in Tables 1, 2, and 3. In the limit
analysis case with the load (p1 ̸= 0, p2 = 0),
Gaydon and McCrum [25] reported an analyti-
cal solution of 0.800. This study addresses the
problem using FEM-T3 and ES-FEM-T3 models
for comparison purposes. The obtained load fac-
tors are 0.8009 and 0.8006, with relative errors

78 © 2024 Journal of Advanced Engineering and Computation (JAEC)



Volume: 8 | Issue: 2 | 2024 | June

2A

2A p1

p2

2R

(a) Geometry, dimensions, and loading

p1

p2

R

A

A

(b) Computational domain

(c) Finite element discretization

Fig. 2: Plate hole problem.

compared to [25] being 0.11% and 0.07%, respec-
tively. Graphs 3(a) and 3(b) present the con-
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Fig. 3: Plate hole (p1 ̸= 0, p2 = 0): computed collapse
load multipliers and convergence analysis.

Tab. 3: Plate hole: comparison of solutions (λsd)

Author
Load cases (p1, p2)

(1, 0) (1, 0.5) (1, 1)
Present study 0.623 0.525 0.424
Zouain et al. [6] 0.594 0.500 0.429
Groβ-Weege [23] 0.614 0.524 0.446
Ho et al. [16] 0.617 0.536 0.449
Ho and Le [11] 0.650 0.551 0.478
Genna [24] 0.604 0.508 0.438
Tran et al. [18] 0.610 0.514 0.444

vergence analysis of obtained solutions, demon-
strating that the proposed methods align well
with the analytical procedure. Notably, the
results indicate that ES-FEM-T3 outperforms
FEM-T3.

© 2024 Journal of Advanced Engineering and Computation (JAEC) 79



Volume: 8 | Issue: 2 | 2024 | June

0 0.2 0.4 0.6 0.8
p1=<p

0

0.2

0.4

0.6

0.8

p
2
=
<

p

Shakedown
domain

Limit domain

Present solutions
Ho et al., CS-FEM

Ho and Le, iRBF

Fig. 4: Plate hole: interaction diagrams.

As previously noted, this formulation does not
guarantee strictly bounding characteristics, and
numerical results obtained by the static formu-
lation can be higher than the analytical ones.
However, considering the relative errors between
these results and those in [25], all of them are
less than 1%, demonstrating the accuracy and
reliability of the proposed approach.

The time consumption, as observed in Ta-
ble 1, illustrates that the utilization of second-
order cone programming in this study enables
the rapid solution of optimization problems with
thousands of variables, typically in less than 1
second. This showcases the potential to expand
the proposed method to large-scale practical en-
gineering problems.

Figure 4 shows the loading domains of both
limit and shakedown cases, which are also com-
pared with previous authors. The comparisons
in Tables 2 and 3 demonstrate the validity and
reasonability of the current method.

5.2. Simple frame

This section examines a simple frame with two
different boundary conditions. In the first case,
only the vertical displacement on the left bound-
ary is constrained, while in the second model,
both the horizontal and vertical displacements

are constrained. Figure 5(a) illustrates the di-
mensions, boundary conditions, and loading.
The input data includes E = 2 × 105 MPa,
ν = 0.3, σp = 10 MPa, and a frame thickness
of t = 10cm. The frame is subjected to a bi-
axial variable load, satisfying 0.4 ≤ p1 ≤ 1 and
1.2 ≤ p2 ≤ 3. The discretization is depicted in
Figure 5(b).

40

40

40

21
0

10

40

p 
2

p 
1

R20

10

(a) Geometry, dimensions, and loading

(b) Finite element discretization

Fig. 5: Simple frame problem.

This problem was initially investigated by
Garcea et al. [26], and subsequent examinations
were conducted by Ho et al. [11, 16]. The com-
parison between the present solutions using ES-
FEM-T3 and the results in [11,16,26], as shown
in Tables 4 and 5, serves as a reliability assess-
ment for the proposed method.
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Tab. 4: Simple frame: comparison of solutions (λlm)

Case 1
(p1, p2)

(0.4, 3) (1, 1.2) (1, 3)
Present study 2.994 2.836 2.653
Garcea et al. [26] 2.831 2.975 2.645
Ho et al. [16] 2.981 2.820 2.634
Ho and Le [11] 3.153 2.979 2.728

Case 2
(p1, p2)

(0.4, 3) (1, 1.2) (1, 3)
Present study 4.204 7.854 3.945
Garcea et al. [26] 4.207 7.804 3.949
Ho et al. [16] 4.186 7.810 3.931
Ho and Le [11] 4.152 8.095 3.874

Tab. 5: Simple frame (0.4 ≤ p1 ≤ 1 and 1.2 ≤ p2 ≤ 3):
comparison of solutions (λsd)

Author Case 1 Case 2
Present study 2.473 3.918
Garcea et al. [26] 2.473 3.925
Ho et al. [16] 2.452 3.817
Ho and Le [11] 2.649 3.964

5.3. Symmetric continuous
beam

This example investigates a symmetric contin-
uous beam undergoing a loading combination
(p1, p2), where each single load varies indepen-
dently, such that 1.2 ≤ p1 ≤ 2 and 0 ≤ p2 ≤ 1,
as depicted in Figure 6(a). The material proper-
ties are provided as E = 1.8×105 MPa, ν = 0.3,
σp = 100 MPa. Figure 6(b) illustrates the finite
element discretization.

Various loading scenarios are examined, and
the corresponding limit and shakedown load
multipliers are presented in Table 6. The prob-
lem has been investigated using different numer-
ical approaches with various optimization algo-
rithms found in the literature [11,16,22,26]. The
comparison shown in Table 6 implies that the
present solutions align well with the published
results in previous papers.

10

R10

p 
1

p 
2

R10 R10

80 20 40

10

(a) Geometry, dimensions, and loading

(b) Finite element discretization

Fig. 6: Continuous beam problem.

5.4. Grooved plate

The last example involves a grooved plate sub-
jected to a combination of a traction force pN
and a bending load pM , as depicted in Fig-
ure 7(a), where R = 250mm, and L = 4R.
The numerical discretization using triangular el-
ements is illustrated in Figure7(b). The load do-
main is specified as 0 ≤ pN ≤ σp and 0 ≤ pM ≤
σp. The input data include E = 2.1× 105 MPa,
ν = 0.3, and σp = 116.2 MPa.

Two loading scenarios are examined, includ-
ing pure tension (pM = 0, pN ̸= 0) and tension
combined with bending (pM ̸= 0, pN ̸= 0). The
plane stress condition is taken into account for
this problem. Table 7 compares the limit and
shakedown load multipliers with those obtained
from other approaches. It is observed that the
numerical solutions provided by the proposed
approach align well with the available results in
the literature.

6. Conclusions

An equilibrium edge-based finite element formu-
lation has been successfully applied to the shake-
down analysis of structures. Implementing a
smoothing technique ensures that only one inte-
gration point is required for each smoothing do-
main, minimizing the size of the resultant prob-
lem. The optimization problem is formulated as
conic programming and efficiently solved using
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Tab. 6: Continuous beam: comparison of solutions

λlm λsd

(p1, p2) (2, 0) (0, 1) (1.2, 1) (2, 1)
p1 ∈ [1.2, 2] p1 ∈ [0, 2] p1 ∈ [0, 2]

p2 ∈ [0, 1] p2 ∈ [0.6, 1] p2 ∈ [0, 1]

Present study 3.290 8.728 5.486 3.291 3.249 2.160 2.142
Garcea et al. [26] 3.280 8.718 5.467 3.280 3.244 - -
Chen et al. [22] - - - - 3.297 2.174 2.152
Ho et al. [16] 3.301 8.748 5.504 3.302 3.362 2.228 2.205
Ho and Le [11] 3.225 8.836 5.530 3.309 3.217 2.333 2.308

R R

p 
N

p 
M

L

L

(a) Computational domain

(b) Discretization

Fig. 7: Grooved plate problem.

advanced tools, reducing computational costs.
Comparative analysis of the obtained results
demonstrates robust concordance with numer-
ical models derived from previous studies within
the existing literature.

Tab. 7: Grooved plate: comparisons of solutions.

λlm
pM = 0 pM ̸= 0

pN ̸= 0 pN ̸= 0

Present study 0.557 0.28867
Tran et al. [18] 0.562 0.27811
Nguyen-Xuan et al. [15] 0.559 0.29660
Ho et al. [16] 0.557 0.29394
Ho and Le [11] 0.524 0.25832
Vu [27] 0.557 -
Casciaro and Cascini [28] 0.568 -
Prager and Hodge [29] 0.500 -
Yan [30], numerical 0.558 -
Yan [30], analytical 0.5 - 0.577 -

λsd
0 ≤ pM ≤ σp

0 ≤ pN ≤ σp

Present study 0.23916
Tran et al. [18] 0.23603
Nguyen-Xuan et al. [15] 0.22477
Ho et al. [16] 0.24807
Ho and Le [11] 0.22024
Vu [27] 0.23494

In this study, the shakedown formulation is
grounded in the elastic-perfectly plastic material
model. For future investigations, it is advisable
to expand the study by incorporating the mate-
rial’s hardening state. This expansion would en-
able a more precise simulation of the structure’s
realistic behavior and a more effective utiliza-
tion of the material’s bearing capacity. Addi-
tionally, at the limit state, plastic zones, as indi-
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cated by the plastic dissipation power or stress
field, are predominantly localized within small
regions within the computational domain. Con-
sequently, adaptive mesh refinement, which con-
centrates on refining the mesh in plastic regions
while maintaining a coarser mesh elsewhere, can
be applied to enhance computational efficiency.
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