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Abstract. This paper discusses two adaptive
sliding mode control (ASMC) algorithms for en-
hancing vehicle stability through direct yaw mo-
ment control (DYC). DYC is based on a logic
process derived from the understeering and over-
steering behavior of a cornering vehicle. Fur-
thermore, to achieve DYC in a four-wheeled pas-
senger vehicle, the reference yaw moment com-
puted by the proposed algorihms is converted into
a braking pressure that is to be applied to the
four wheels. The objective is to minimize the
yaw rate error and constrain the sideslip angle
to an acceptable range. According to Lyapunov
theory, complete stability analysis guarantees the
closed-loop stability and robustness of a control
system. Simulation results were used to compare
the two ASMC algorithms, and both algorithms
showed high performance even under critical op-
erating conditions.

Keywords: Adaptive sliding mode control
(ASMC) algorithm, direct yaw moment control
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1. Introduction

Recently, driving safety in passenger vehicles has
been considerably improved. It is considered a
key aspect in the design of a vehicle. Active

safety systems are known by different denomi-
nations, namely electronic stability control, elec-
tronic stability program, dynamic stability con-
trol, vehicle stability control (VSC), and vehicle
dynamic control systems.

Driving safety systems facilitate effective
driver control on curves and slippery roads by
actively constraining the oversteering or un-
dersteering behavior of a vehicle (Fig. 1),
thereby reducing the risk of fatal crashes sub-
stantially. In particular, during cornering, the
control of the yaw rate and vehicle sideslip an-
gle helps maintain vehicle stability. Numer-
ous studies have obtained impoved vehicle re-
sponse by either controlling the yaw rate [1–5]
or accurately estimating the vehicle sideslip an-
gle [6–10]. Both of these variables should be
controlled for achieving the desired vehicle re-
sponse. In recent years, VSC systems have been
designed for controlling both variables to follow
their reference values [11–14]. Studies [11–21]
have demonstrated the effectiveness of direct
yaw moment control (DYC) in enhancing ve-
hicle control and stability. DYC involves the
conversion of yaw moment into braking pressure
[11–13, 15] or braking torque [14, 16–21], which
is then applied to the wheels. Recently, active
safety systems for electric vehicles whose motors
are connected to each wheel separately have re-
ceived considerable interest [1–7, 14, 16–21]. By
contrast, only a few studies have been conducted
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on the application of VSC systems to internal
combustion engine vehicles or hydraulic-model-
based electric vehicles [11–13, 15]. In practice,
an unstable vehicle tends to rapidly spin or
bounce out of the desired trajectory, and even
a short delay in achieving VSC can result in fa-
tal accidents. Therefore, electric vehicles with
wheel motors are easier to control than internal-
combustion engine vehicles, which exhibit delays
associated with brake hydraulics and response to
braking [18]. Thus far, fuzzy control, model pre-
dictive control, adaptive control, sliding mode
control (SMC), internal model control, optimal
control, and a game theory approach have been
considered the best choices for controlling VSC
systems; neural networks and hidden Markov
models can also be used for the purpose [1–5],
[10–23]. My previous study described the spe-
cific advantages and disadvantages of each con-
trol method [11].

Fig. 1: Understeering and oversteering behavior.

SMC has attracted considerable attention in
VSC applications. Its notable features include
robustness, fast convergence, simple implemen-
tation, and insensitivity to vehicle parameter
fluctuations and uncertainties. Owing to these
advantages, SMC has been successfully applied
to VSC systems [14]. In this paper, three param-
eter adaptation laws are added to the control law
to eliminate uncertainties in the system caused
by model inaccuracies and disturbances. More-
over, the combination of adaptive and sliding
mode theories for designing a VSC system with
the ASMC of two variables yaw rate and vehi-
cle sideslip angle is considered. In my previous
study [11], a sliding function used for designing

an ASMC algorithm which was named the first
ASMC in this study was a weighted combina-
tion of the yaw rate and sideslip angle errors as
follows:

S1 = eγ + ξeβ (1)

In [11], the first ASMC law derived using the
sliding function in Eq. 1 ensures that the phase
trajectory of the system reach and remain at the
sliding surface S1 = 0, provided the yaw rate and
sideslip angle errors have the same sign. These
two errors are guaranteed to be canceled out in
Eq. 1. However, the signs of the errors may vary
with changing road and driving conditions on
the vehicle wheels. Consequently, although the
system trajectory may approach and reach the
sliding surface in a finite time, the errors are not
guaranteed to be canceled out. Therefore, the
following approach involving an improved sliding
function is proposed

S2 = |eγ |+ ξ |eβ | (2)

The present paper proposes an ASMC law im-
poved using the sliding function in Eq. 2 that
can overcome the aforementioned disadvantages,
namely the second ASMC algorithm. The ap-
proach involving an improved sliding function
can be used to make the phase trajectory of the
system reach and remain at the sliding surface
S2 = 0, regardless of changes in the road and
driving conditions. Both ASMC algorithms re-
quire accurate information regarding the steer-
ing angle, longitudinal velocity, yaw rate, vehicle
sideslip angle, and tire slip angle to generate a
stabilizing yaw moment. In practice, the lon-
gitudinal velocity can be determined from the
wheel speed, and the steering angle, yaw rate,
and wheel speed can be determined using widely
available and inexpensive sensors. Furthermore,
the vehicle sideslip angle and tire slip angle can
be determined if the lateral tire forces and ve-
hicle velocity are known, respectively. My pre-
vious study [24] provided a detailed discussion
of the estimation methods for vehicle variables
that cannot be measured. A major feature of
this study is the discussion of positive effects of
the ASMC algorithms mentioned in simulation
result section. To verify the performace of con-
trollers that are proposed in the current study,
for simplicity, the required information on the
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aforementioned vehicle variables was obtained
from a CarSim vehicle model.

The contribution of this study is the presen-
tation of a DYC system that involves a combi-
nation of adaptive and SMC; this system can
enhance vehicle stability under extremely criti-
cal driving conditions, namely normal and high
speeds on road surfaces with high, moderate,
very low, and variable friction coefficients. A
comparison with a proposed controller involving
only SMC [14] showed that the controller pro-
posed in the previous study exhibits high perfor-
mance for an electric vehicle with a low speed on
roads with a high friction coefficient (dry roads).
However, whether the yaw rate and sideslip an-
gle responses remain stable when the vehicle is
driven under critical conditions such as at high
speeds and on roads with an extremely low or
variable friction coefficient (icy roads or varia-
tions from dry road conditions to icy road condi-
tions) remains unresolved. In general, both ap-
proaches (based on different ASMC algorithms)
presented in this study are effective in achieving
vehicle control. However, the second approach
is superior, especially during extremely critical
driving maneuvers. In this study, the direct yaw
moment was generated by applying forces to all
wheels of a four-wheeled vehicle, contrast to a
previous study that applied forces only to the
two rear wheels [14]. Therefore, under critical
condition, because of the yaw moment generated
from the application of forces to the four wheels,
the vehicle is more stable when the controller is
activated.

This paper proposes a DYC system that in-
volves a combination of two ASMC algorithms
and a control logic process for solving the sta-
bility problem associated with the yaw rate and
vehicle sideslip angle. The algorithms were ap-
plied to a CarSim vehicle model with an inter-
nal combustion engine, and the dynamics of the
model were controlled using the braking pres-
sure on the four wheels as vehicle inputs. On
the basis of the Lyapunov theory, the stability
and robustness of the control system using the
second ASMC algorithm were found to be such
that the system trajectory approached the slid-
ing surface. Generally, control is achieved by
generating pressure for the active braking of the
four vehicle wheels to stabilize the vehicle yaw

rate and narrow sideslip angle for different driv-
ing maneuvers. The proposed system ensures
a narrow yaw-rate error and a sideslip angle in
an acceptable range. In a previous study [9],
the desired range of the sideslip angle was ap-
proximately ±20, and in some critical driving
conditions, it can be allowed to be in an ap-
proximate range of ±50 or a maximum range of
±120 [8, 9, 13, 25]. In the current study, DYC
was achieved using a reference pressure genera-
tor and a hydraulic pressure control. The pro-
posed DYC system converts the reference yaw
moment computed by the two ASMC algorithms
into the braking pressure that is to be applied to
the four wheels. Therefore, the controller could
generate larger yaw moments in critical situa-
tions. Compared with a previous study [15],
the control logic process for generating reference
pressure was improved by applying more pres-
sure to the four wheels, thus increasing the com-
pensated yaw moment when the steering angle
began to change to zero. This process yielded
a faster yaw-rate response and a smaller steady-
state error in the yaw rate.

The rest of this paper is organized as follows:
Vehicle models used for developing the proposed
VSC system and deriving the proposed algo-
rithms are described in Section 2. . Section
3. introduces the proposed VSC system that
involves two ASMC algorithms, and Section 4.
presents and discusses simulation results. Fi-

nally, the conclusions are outlined in Section 5.
.

2. Vehicle models

2.1. CarSim model

A high-order model, CarSim, was considered for
control use. The model describes the overall mo-
tion of a full vehicle model, namely direction,
speed control, and external conditions such as
road information and drag, and it was therefore
considered to be appropriate for vehicle handling
simulations. CarSim is commercial software ex-
hibiting a well-defined user interface, and it is
widely used as simulation software in the au-
tomotive industry. In addition, CarSim had al-
ready been validated, thus rendering it appropri-
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ate for the simulation of the dynamics of a real
vehicle. In this study, CarSim software was used
for evaluating the performance of the proposed
controllers. The CarSim vehicle configuration is
presented in Fig. 2.

Fig. 2: Vehicle configuration of CarSim [26].

2.2. Seven-degree-of-freedom
vehicle model

The model used for designing the controller in
this study was a simplified model with seven
degrees of freedom (7-DOF), corresponding to
the longitudinal and lateral velocities (Vx and
Vy), yaw rate (γ), and the rotational speeds of
the four wheels (ωi). The following equations of
motion for the 7-DOF model were derived from
Fig. 3 by applying the Newton-Euler approach
to the wheels and vehicle. Besides, details on
the description of variables and parameters in
the model used for the control system are shown
in Table 1 below. Longitudinal motion

V̇x =
1

m

(
mγVy + Fx1 cos δl + Fx2 cos δr + ...
Fx3 + Fx4 − Fy1 sin δl − Fy2 sin δr

)
(3)

Lateral motion

V̇y =
1

m

(
−mγVx + Fx1 sin δl + Fx2 sin δr + ...
Fy3 + Fy4 + Fy1 cos δl + Fy2 cos δr

)
(4)

Fig. 3: The 7-DOF vehicle model.

Tab. 1: Nomenclature.

Variables
and Description

Parameters
Bf Front track width
Br Rear track width
Ci Cornering stiffness of each wheel
Fxi Longitudinal force on each wheel
Fyi Lateral force on each wheel
Iz Mass moment of inertia about the z-axis
l Wheelbase
lf Distance from center of gravity (CG) to

front axle
lr Distance from CG to rear axle
m Vehicle mass
Mz Yaw moment associated with differential

Brakes
r Wheel radius
Vx Longitudinal velocity
Vy Lateral velocity
αi Slip angle of each wheel
β Vehicle side-slip angle
δ Steering angle
δl Steering angle of left front wheel
δr Steering angle of right front wheel
δw Steering wheel angle
γ Yaw rate
µ Frictional coefficient
θ Vehicle heading angle measured from

the x-axis
ωn Speed of the wheels

Yaw motion

γ̇ = 1
Iz


Fy1 (lf cos δl + 0.5Bf sin δl)− ...
(Fy3 + Fy4) lr + . . .
Fy2 (lf cos δr − 0.5Bf sin δr) + . . .
Fx1 (−0.5Bf cos δl + lf sin δl) + . . .
Fx2 (lf sin δr + 0.5Bf cos δr)− ...
0.5Br (Fx3 − Fx4)

 (5)
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Rotational motion of the four wheels

ω̇i =
1

Iw
(rFxi − Tbi) , (i = 1, 4) (6)

3. Control system design

3.1. System overview

The entire structural scheme of the control sys-
tem that can be used for vehicle stability im-
provement is presented in Fig. 4. The global in-
puts of the control system comprise the steering
wheel angle, longitudinal velocity, and feedback
and reference values of the yaw rate and sideslip
angle. The outputs are the controlled responses
of the yaw rate and sideslip angle. The system
comprises reference yaw rate and sideslip angle
generators, ASMC algorithms for generating the
desired yaw moment, a control-logic-based pres-
sure generator for calculating the braking pres-
sure to be applied to the wheels from the yaw
moment according to the required vehicle yaw
rate and sideslip angle, and a CarSim vehicle
model for verifying the performance of the vehi-
cle stability controllers.

3.2. First ASMC algorithm

The first ASMC algorithm was derived from the
aforementioned 7-DOF vehicle model. This al-
gorithm was used to generate a reasonably com-
pensated yaw moment, which was required for
determining the braking pressure that was to be
applied to the vehicle wheels. The reader can
refer to my previous paper [11] for a discussion
on this algorithm.

3.3. Second ASMC algorithm

For deriving the second algorithm, the yaw rate
was of primary concern since it was an essen-
tial variable for demonstrating vehicle stability.
The second algorithm was designed under the
assumption that δl ≈ δr ≈ δ. Therefore, the

yaw motion Eq. 5, becomes

Iz γ̇ = lf (Fx1 + Fx2) sin δ + lf (Fy1 + Fy2) cos δ − . . .

lr (Fy3 + Fy4) + 0.5Bf (Fx2 − Fx1) cos δ + . . .

0.5Br (Fx4 − Fx3) + 0.5Bf (Fy1 − Fy2) sin δ

(7)
The steering angle of the front wheels is typically
low. Therefore, supposing that the steering an-
gle is low such that sin δ ≈ 0 and cos δ ≈ 0; Eq.
7 can be derived as

Iz γ̇ = lf (Fy1 + Fy2)− lr (Fy3 + Fy4) + . . .
0.5Bf (Fx2 − Fx1) + 0.5Br (Fx4 − Fx3)

(8)
The yaw moment resulting from the application
of differential brakes was defined as

Mz = 0.5Bf (Fx2 − Fx1) + 0.5Br (Fx4 − Fx3)
(9)

According to the theory of ground vehicles [27],
the slip angles of the front and rear wheels can
be calculated from the expressions

αf = β +
γlf
Vx

− δ (10)

αr = β − γlr
Vx

(11)

The lateral tire forces were assumed to be linear
functions of the slip angles [27]. In addition,
under the condition that the front slip angles
almost precisely match each other and that the
rear slip angles match to the same degree as the
front slip angles, Eqs. 9 and 10 can be used to
obtain the following expressions:

Fy1 + Fy2 ≈ −αf (C1 + C2)

= − (C1 + C2)
(
β +

γlf
Vx

− δ
) (12)

Fy3 + Fy4 ≈ −αr (C3 + C4)

= − (C3 + C4)
(
β − γlr

Vx

) (13)

Substituting Eqs. 9, 12 and 13 into Eq. 8 yields

Iz γ̇ = − γ
Vx

(
l2f (C1 + C2) + l2r (C3 + C4)

)
− . . .

β (lf (C1 + C2)− lr (C3 + C4)) + . . .
δlf (C1 + C2) +Mz

(14)
The following expressions is set:

ρ1 = l2f (C1 + C2) + l2r (C3 + C4) (15)
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Fig. 4: Structural scheme of a vehicle stability control system.

ρ2 = lf (C1 + C2)− lr (C3 + C4) (16)

ρ3 = lf (C1 + C2) (17)

Therefore, Eq. 14 becomes

γ̇ =
1

Iz

(
− γ

Vx
ρ1 − βρ2 + δρ3 +Mz

)
(18)

or
Mz =

γ

Vx
ρ1 + βρ2 − δρ3 + Iz γ̇ (19)

In my previous study [11], a control system
was designed using the first ASMC algorithm;
the algorithm involves a sliding function S1 (1),
which is a weighted combination of the yaw
rate and sideslip angle errors. After the anal-
ysis and demonstration of the stability of the
control system [11], the tracking error S1 of a
closed-loop system was concluded to asymptot-
ically converge to zero as the time approaches
infinity. However, this conclusion is correct only
if both the yaw rate and sideslip angle errors
in Eq. 1 have the same sign. These errors are
not guaranteed to converge to zero at t → ∞
because their signs may change when the road
and driving conditions are critical. To overcome
this drawback, a second ASMC algorithm is pro-
posed; the algorithm involves the use of a second
sliding function S2 (2), which is a weighted com-
bination of the absolute values of the yaw rate
and sideslip angle errors for analysis and control
design. The sliding function in Eq. 2 is similar
to

S2 = |γ − γref |+ ξ |β − βref | (20)

The time derivative of Eq. 2 or Eq. 20 is

Ṡ2 = (γ̇ − γ̇ref ) sgn (eγ) + ξėβsgn (eβ) (21)

Multiplying both sides of Eq. 21 by sgn (eγ) and
changing the result yields

γ̇ = γ̇ref + Ṡ2sgn (eγ)− ξėβsgn (eγeβ) (22)

In the present study, the tracking error dynamics
were defined as [28]

Ṡ2 = −KpS2 −Kssgn (S2) (23)

Hence, the control law derived from Eqs. 19, 22,
and 23 is

Mz = γ
Vx

ρ1 + βρ2 − δρ3 + . . .

Iz (γ̇ref −KpS2sgn (eγ)− . . .
Kssgn (S2eγ)− ξėβsgn (eγeβ))

(24)

If the phase trajectory of the system is to ap-
proach the sliding surface S2 = 0 and remain
there under model uncertainties, the control law
must be determined. Therefore, a setting simi-
lar to that in Eq. 23 ensures that the designed
control law in Eq. 24 satisfies the aforemen-
tioned control objective because the control law
involves the following Lyapunov function:

V1 =
1

2
S2

2 (25)

Taking the time derivative of Eq. 25 and then
using Eq. 23 yield

V̇1 = S2Ṡ2 = S2 (−KpS2 −Kssgn (S2))
= −KpS

2
2 −Ks |S2|

(26)

Eq. 26 shows that V̇1 ≤ 0. According to Lya-
punov theory, the SMC law in Eq. 24 is stable,
and for a closed-loop system, the tracking error
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in Eq. 2 asymptotically converges to zero as the
time approaches infinity.

Remark 1: In the design of nonlinear systems,
ASMC is extremely effective for stabilizing un-
certain systems, such as fast response, favorable
transient performance, and robustness against
disturbances or model uncertainties. Therefore,
ASMC has the potential to stabilize complex
non-linear systems such as VSC systems. In
practice, ρi (i = 1, 3) parameters in Eqs. 15-17
change with the vehicle load and road condi-
tions. Hence, the SMC law in Eq. 24 can be
rewritten as follows:

Mz = γ
Vx

ρ̂1 + βρ̂2 − δρ̂3 + . . .

Iz (γ̇ref −KpS2sgn (eγ) − . . .
Kssgn (S2eγ)− ξėβsgn (eγeβ))

(27)

where ρ̂i is the estimated value of the unknown
parameters ρi (i = 1, 3). Let

ρ̃i = ρ̂i − ρi, (i = 1, 3) (28)

Theorem: For vehicle yaw dynamics using the
proposed sliding function S2, the modified con-
trol law in Eq. 27 ensures that the phase trajec-
tory of the closed-loop system can be driven to
the sliding surface S2 = 0 as the time approaches
infinity and that the phase trajectory can finally
converge to a predefined reference trajectory un-
der the model uncertainties.

Proof. The Lyapunov function candidate is
defined as follows:

V2 =
1

2
S2
2 +

1

2K1
ρ̃21 +

1

2K2
ρ̃22 +

1

2K3
ρ̃23 (29)

Differentiating Eq. 29 with respect to time
yields

V̇2 = S2Ṡ2+
1

K1
ρ̃1̇̃ρ1+

1

K2
ρ̃2̇̃ρ2+

1

K3
ρ̃3̇̃ρ3 (30)

Substituting Eq. 27 into Eq. 18, using Eq. 21,
and then extracting from Eq. 28 yield

Ṡ2 =
γsgn(eγ)
IzVx

ρ̃1 +
βsgn(eγ)

Iz
ρ̃2 − . . .

δsgn(eγ)
Iz

ρ̃3 −KpS2 −Kssgn (S2)
(31)

Substituting Eq. 31 into Eq. 30 yields

V̇2 = S2

(
γsgn(eγ)
IzVx

ρ̃1 +
βsgn(eγ)

Iz
ρ̃2 − . . .

δsgn(eγ)
Iz

ρ̃3 −KpS2 −Kssgn (S2)
)

+ 1
K1

ρ̃1̇̃ρ1 +
1
K2

ρ̃2̇̃ρ2 +
1
K3

ρ̃3̇̃ρ3

(32)

The parameter adaptation laws are selected as
follows:

˙̂ρ1 = ˙̃ρ1 = −K1γS2sgn (eγ)

IzVx
− σ1ρ̃1 (33)

˙̂ρ2 = ˙̃ρ2 = −K2βS2sgn (eγ)

Iz
− σ2ρ̃2 (34)

˙̂ρ3 = ˙̃ρ3 =
K3δS2sgn (eγ)

Iz
− σ3ρ̃3 (35)

From Eq. 31 as well as the adaptive laws in
Eqs. 33–35, the time derivative of the Lyapunov
function in Eq. 29 can be rewritten as follows:

V̇2 = −KpS2
2−Ks |S2|−

σ1

K1
ρ̃21−

σ2

K2
ρ̃22−

σ3

K3
ρ̃23

(36)

Hence, V̂2 < 0 ensures that the S2 track-
ing error and the errors in the estimates of the
ρi (i = 1, 3) parameters are bounded. Specifi-
cally, because the sliding function S2 is always
positive, the proposed control law in Eq. 27 is
stable and the tracking error asymptotically con-
verges to zero.

Remark 2: To suppress the chattering phe-
nomenon in the control law in Eq. 27 engendered
by disturbances such as variations in driving and
road conditions, a modified solution is proposed
on the basis of previous study [28]. The solution
is obtained by replacing a discontinuous switch-
ing function with a saturation function having
boundary layer thickness λi for the continuous
approximation of a signum function as follows:

sgn (xi) ≈ sat
(

xi

λi

)
=


xi

λi
, if

∣∣∣xi

λi

∣∣∣ < εi,

sgn
(

xi

λi

)
, otherwise.

(i = 1, 3)

(37)
where λi and εi are low values selected arbitrar-
ily such that the points with high yaw moments
are eliminated, and xi is a variable in the signum
function.

Therefore, the control law in Eq. 27 becomes

sgn (xi) ≈ sat
(

xi

λi

)
=


xi

λi
, if

∣∣∣xi

λi

∣∣∣ < εi,

sgn
(

xi

λi

)
, otherwise.

(i = 1, 3)

(38)

In addition, the parameter adaptation laws in
Eqs. 33–35 can be updated as follows:

˙̂ρ1 = ˙̃ρ1 = −K1γS2

IzVx
sat

(
eγ
λ1

)
− σ1ρ̃1 (39)
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˙̂ρ2 = ˙̃ρ2 = −K2βS2

Iz
sat

(
eγ
λ1

)
− σ2ρ̃2 (40)

˙̂ρ3 = ˙̃ρ3 =
K3δS2

Iz
sat

(
eγ
λ1

)
− σ3ρ̃3 (41)

3.4. Reference variable
generators and hydraulic
pressure model control
system

More details about the definitions of the refer-
ence yaw rate, vehicle sideslip angle, and braking
pressure, as well as the closed-loop system for
hydraulic pressure model control can be found
in the previous studies [11,15].

4. Simulation results

To understand the positive effects of the de-
rived second ASMC algorithm on the control
system, the algorithm was compared with the
first ASMC algorithm discussed in the previous
study [11]. The simulation was performed in a
Matlab and Simulink environment and linked to
CarSim software for considering different driving
maneuvers. References [11, 15] have presented
the vehicle configuration parameters, and the
parameters of two controllers are listed in Ta-
ble 2.

The vehicle was assumed to be driven on a
road and was considered to have a steering input
that changed with the steering wheel angle (Fig.
5).

Each ASMC method was based on the slid-
ing surfaces S1 and S2, which are defined in
Eqs. 1-2, respectively. The vehicle control per-
formance was verified in terms of variations in
road and driving conditions. The driving con-
ditions involved different longitudinal speeds,
namely normal speed (Vx = 100km/h) and high
speed (Vx = 180km/h). The road conditions
comprised many road surfaces with high friction
(µ = 0.85), moderate friction (µ = 0.5), ex-
tremely low friction (µ = 0.2), variable friction
from a high value of 0.85 to a moderate value
of 0.5, and variable friction from a high value of
0.85 to an extremely low value of 0.2.

Fig. 5: Structural scheme of a vehicle stability control
system.

Tab. 2: Parameters of two controllers.

Symbol Description Value
Kp Constant determining the 12

convergence of tracking error
Ks Constant tuned according 0.5

to bound of uncertainties
ξ Weighting factor 0.01
K1 Adaptive gain corresponding 0.5

to estimated parameter ρ1
K2 Adaptive gain corresponding 1.5

to estimated parameter ρ2
K3 Adaptive gain corresponding 0.9

to estimated parameter ρ3
σ1 Positive constant corresponding 20

to estimated parameter ρ1
σ2 Positive constant corresponding 50

to estimated parameter ρ2
σ3 Positive constant corresponding 30

to estimated parameter ρ3
λi Boundary layer thickness 0.001
ϵ1 Small positive constant 1

The road and driving conditions were com-
bined to obtain the 10 cases described in Ta-
ble 3. For each case, the yaw rate and sideslip
angle output responses were determined for a
vehicle action without control and for a ve-
hicle action with the ASMC algorithms being
used. For noncritical road and driving con-
ditions (Case 1, Fig. 6), the yaw rate and
sideslip angle responses were stable, even with-
out VSC activation. For all the remaining criti-
cal conditions, these responses became unstable
for vehicle actions without control. By contrast,
depending on the driving maneuver, the yaw
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rate and sideslip angle output responses demon-
strated the excellent handling behavior of the
controllers.

Tab. 3: Comparison based on root mean square errors.

Cases Vx µ ASMC 1 ASMC 2
(km/h) RMSeγ RMSeβ RMSeγ RMSeβ

1 100 0.85 0.0159 0.0134 0.0155 0.0134
2 100 0.2 0.0955 0.0633 0.0454 0.0497

0.85
3 100 → 0.0518 0.0841 0.0470 0.0710

0.2
0.5

4 100 → 0.0604 0.0855 0.0548 0.0592
0.2
0.5

5 180 → 0.2170 0.2503 0.0907 0.0878
0.2

6 180 0.85 0.0228 0.0242 0.0207 0.0236
7 180 0.5 0.0182 0.0294 0.0182 0.0294

0.85
8 100 → 0.0170 0.0212 0.0168 0.0210

0.5
0.85

9 180 → 0.0211 0.0290 0.0187 0.0290
0.5
0.85

10 180 → 0.0874 0.1265 0.0774 0.0915
0.2

In Case 1 (Fig. 6), the vehicle was driven
at a normal speed on a high-friction surface to
determine how the vehicle performance could
be improved in noncritical situations. The per-
formance levels of the two controllers in terms
of the vehicle yaw rate and sideslip angle re-
sponses were difficult to distinguish in this case.
Therefore, they were compared by calculating
the RMSE values for the yaw rate and sideslip
angle, by using the following equation:

RMSE =

(
1

N

N∑
k=1

e(k)
2

)1/2
(42)

where e(k) can be either the yaw rate error (eγ)
or sideslip angle error (eβ), and N is the number
of samples.

To facilitate the task of comparing the effects
of each of the ASMC algorithms on the vehicle
yaw rate and sideslip angle responses, Eq. 42
was used to calculate the RMSE for all the re-
maining cases; the results are presented in Table
2. Because of the limited number of observa-
tions, only the simulation results of the first five
cases (Figs. 6-10) are presented in this section;

Fig. 6: Simulation results for high friction (µ = 0.85;
normal speed: Vx = 100 km/h)

for the remaining five cases, only the calculation
results for the yaw rate and sideslip angle RMSE
values are discussed.

Fig. 6 shows that the output responses of the
yaw rate and sideslip angle were nearly the same
for both controllers under the noncritical road
and driving conditions. However, the error data
in Table 2 for Case 1 show that ASMC 2 is more
effective than ASMC 1. In this case, the con-
trollers successfully drove the vehicle according
to the steering target; furthermore, the yaw rate
response matched its reference almost exactly,
and the sideslip angle was within the approxi-
mate limit of ±20.

In Case 2 (Fig. 7), the vehicle was driven
at a normal speed of 100 km/h on an icy road
with an extremely low friction coefficient of 0.2.
The objective of this case was to test the sta-
bility of the controllers for critical driving ma-
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neuvers. The results in Fig. 7 show that both
controllers were stable, and the ASMC 2 algo-
rithm converged more rapidly than the ASMC
1 algorithm did. Consequently, as shown in Ta-
ble 2 (Case 2), the RMSE values for ASMC 2
were considerably lower than those for ASMC
1. The results for ASMC 2 are superior because
the sign of S2 was always positive. Both the yaw
rate and sideslip angle errors on the sliding sur-
face were guaranteed to be canceled out. In this
critical case, the controllers maintained a stable
yaw rate response, and the sideslip angle was
within an approximate range of ±60. The next
three cases (Figs. 8-10) were considered to test
parameter adaptation and the positive effect of
the proposed ASMC 2. They were also used to
determine whether the performance of the vehi-
cle model improved for some extremely critical
driving maneuvers. These cases are discussed in
detail as follows.

Fig. 7: Simulation results for very low friction (µ = 0.2;
normal speed: Vx = 100 km/h).

For Cases 3 and 4 (Figs. 8 and 9 ), the perfor-
mance of the controllers was verified by driving a
vehicle at a normal speed of 100 km/h on differ-
ent road surfaces, with the friction coefficients
of the road surfaces varying with time from a
high value of 0.85 to an extremely low value of
0.2 (Case 3) and from a moderate value of 0.5
to an extremely low value of 0.2 (Case 4). The
results in Fig. 8 and the RMSE values in Ta-
ble 2 (Case 3) indicate that the yaw rate and
sideslip angle responses were excellent when the
vehicle was driven under normal road driving
conditions for the period from 0 to 2.5 s. Dur-
ing this period, these results were the same as
those for Case 4 (Fig. 7), for which the RMSE
values are shown in Table 2 (Case 4). Subse-
quently, under road conditions requiring critical
driving maneuvers for the period after 2.5 s, the
excellent behavior of the controller using ASMC
2 was clear. In particular, the yaw rate tracking
response was maintained at a satisfactory level,
and the sideslip angle was within an acceptable
limit of ±100.

ASMC 1 provided an effective estimation in
Case 3 (Fig. 8) but not in Case 4 (Fig. 9). Case
4 involved extremely critical road conditions and
driving maneuvers. Therefore, clearly, both the
yaw rate and sideslip angle errors were not can-
celed out in the sliding function S1 when ASMC
1 was used, despite the theoretical demonstra-
tion that the algorithm for S1 asymptotically
converged to zero as the time approached infin-
ity. This may be one reason for the failure of
ASMC 1 in this case.

For Case 5 (Fig. 10), the vehicle was driven
under wet and icy road conditions at a high
speed of 180 km/h and friction coefficient vary-
ing from a moderate value of 0.5 to an extremely
low value of 0.2. The results in Fig. 10 and
the RMSE values in Table 2 (Case 5) show that
the yaw rate and sideslip angle responses were
still favorable when the vehicle was driven un-
der critical road and driving conditions from 0
to 2.5 s. Subsequently, under road conditions
requiring extremely critical steering maneuvers
for the period after 2.5 s, the controller using
ASMC 2 successfully maintained a stable yaw
rate response. In particular, the yaw rate track-
ing response was relatively favorable while the
sideslip angle was still within an allowed range of
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Fig. 8: Simulation results for variable friction (µ =
0.85 → 0.2; normal speed: Vx = 100 km/h).

±120. In this case, ASMC 1 failed as soon as the
tire-road friction changed at 2.5 s. To ensure the
proposed ASMC2’s efficacy in sustaining system
stability, simulation time is prolonged 10 seconds
as shown in Fig. 11.

The remaining cases (Cases 6–10), for which
the RMSE values are shown in Table 2, involved
applying ASMC 2 and consistently showed out-
put responses corresponding to the highest per-
formance. Therefore, when ASMC 2 was used,
the output responses of the control system were
stable in all simulations.

All cases (Figs. 6-10 and Table 2) show that
ASMC 2 always yielded more favorable results
compared with ASMC 1. Each of the algorithms
occasionally exhibited the same effect on the ve-
hicle yaw rate and sideslip angle responses (Case
7 in Table 2). ASMC2 was always effective in
Cases 1 (Fig. 6), 2 (Fig. 7), 3 (Fig. 8), and 6–9,

Fig. 9: Simulation results for variable friction (µ =
0.5 → 0.2; normal speed: Vx = 100 km/h).

and ASMC 1 was also effective in these cases.
However, the yaw rate and sideslip angle output
responses of ASMC 1 were poorer than those of
ASMC 2, with ASMC 1 failing in cases requir-
ing extremely critical driving maneuvers such as
Cases 4 (Fig. 9), 5 (Fig. 10), and 10. The rea-
son for the failure is that the sign of the sliding
function S1 of ASMC 1 can be positive or nega-
tive. Moreover, the yaw rate and sideslip angle
errors were not canceled out simultaneously as
the time approached infinity.

In summary, for the 10 cases, the RMSE val-
ues shown in Table 2 indicate that ASMC 2 al-
ways yielded more favorable results compared
with ASMC 1. For instance, the RMSE val-
ues were low for ASMC 1 and lower for ASMC
2. The yaw rate response in each case was not
smooth because of the effect of the hydraulic
pressure model. In practice, the on-and-off fre-
quency of the inlet and outlet valves is 20 ms,
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Fig. 10: Simulation results for variable friction (µ =
0.5 → 0.2; high speed: Vx= 180 km/h).

whereas the sample time of the reference control
signal is 1 ms. In addition, time delay were as-
sociated with brake hydraulics and the vehicle
response to braking, and they affected the per-
formance of the proposed controller. These de-
lays can be considered uncertainties in the over-
all system. The results show that the VSC con-
trollers remained robust to disturbances; this is
expected because the VSC system stability had
been demonstrated using the Lyapunov tech-
nique. In particular, the controllers inherited
the advantages of sliding mode and adaptive the-
ories. In this study, the Sugeno proportional
derivative fuzzy controller was used to control
only the hydraulic pressure model for ensur-
ing that the real pressure followed the reference
pressure without substantially affecting the out-
put responses of the yaw rate and sideslip angle.
In Case 1 (Fig. 6 and Table 2), the yaw rate

response almost coincides with the target tra-
jectories.

In the remaining cases (Figs. 7-10 and Ta-
ble 2), the extremely low friction (icy road) and
variable friction (from a dry road to an icy road
and from a wet road to an icy road) conditions
caused the time responses for the yaw rate and
sideslip angle to be slower than those of Case 1.
However, the responses were stable. The sideslip
angle increased or decreased, depending on the
severity of the steering situation. Under driv-
ing conditions involving a dry road and normal
speed, a wet road and normal speed, and a wet
road and high speed, during the initial period
from 0 to 2.5 s, the sideslip angle was within the
limit of ±20 (Figs. 8- 10). Under driving condi-
tions that became increasingly severe because of
the variable frictions and high speed, the side-
slip angle gradually outstripped the range of ±20

(Figs. 8-10), but it was still acceptable with an
approximate range of ±60, ±100, or ±120.

Fig. 11: Simulation results for variable friction (µ =
0.5 → 0.2; high speed: Vx = 180 km/h), ex-
tending the simulation duration to 10 seconds.

5. Conclusions

This paper describes two ASMC algorithms that
can be used for vehicle stability enhancement;
the algorithms involve different sliding surfaces.
The algorithms were used for testing the track-
ing performance of each controller and their per-
formance was compared; moreover, verifying the
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positive effects of the second ASMC algorithm
were determined. The first ASMC algorithm
has a drawback: The yaw rate and sideslip an-
gle errors are not guaranteed to cancel out un-
der extremely critical driving conditions. How-
ever, the second ASMC algorithm does not have
this limitation; in other words, both errors are
guaranteed to converge to zero. The simulation
results show that a vehicle equipped with the
proposed control algorithms can perform critical
driving maneuvers to counter external pertur-
bations, namely variations in road and driving
conditions.
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