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Abstract. This study deals with the free
vibration of the sandwich microplate with

corporating higher-order strain gradients, this
theory addresses limitations in classical models,

the core made of functionally graded carbon
nanotube-reinforced composites (FG-CNTRC)
and magneto-electro-elastic (MEE) face sheets.
The governing equation of the microplates is de-
rived by using the refined plate theory (RPT)
with two variables and the modified strain gradi-
ent theory (MSGT). The Non-Uniform Rational
B-Splines (NURBS) basis function of the iso-
geometric approach (IGA) is used for the ap-
prozimation of the displacement and electric and
magnetic fields of the microplates. The paper
studies the effect of the length scale parameters
(LSPs), CNTs distributions, CNTs volume frac-
tion, magnetic and electric loads and geometry
on the vibrational frequency of the MEE sand-
wich microplate.

Keywords: Isogeometric approach, magneto-
electro-elastic, modified strain gradient theory,
functionally graded carbon nanotube-reinforced
composites.

1. Introduction

The modified strain gradient theory (MSGT) is
an enhanced framework in material science, re-
fining traditional strain gradient theories to cap-
ture finer details of material behavior. By in-
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particularly in micro and nanoscale applications,
offering improved accuracy in predicting mate-
rial responses under complex conditions. Lam et
al. [1] firstly presented a MSGT incorporating
three length-scale parameters (LSPs). Accord-
ing to the MSGT the size-dependent of the mi-
cro structures were studied by many scientists.
Examining static bending and free vibration of a
piezoelectric microbeams subjected to mechani-
cal and electric loads, Li et al. [2] conducted their
study based on the Timoshenko beam theory
and MSGT. The buckling analysis of the rect-
angular plate was explored by Mohammadi and
coworkers [3] utilizing the MSGT and the Kir-
choff plate theory (KPT). Hosseini et al. [4] uti-
lized the KPT to analyze the buckling of an or-
thotropic multi-microplate system positioned on
a Pasternak foundation, employing the MSGT.
The free vibration of the functionally graded
porous (FGP) microbeams was elucidated by
Karamanli et al. [5], utilizing both the MSGT
and quasi-3D theory. Furthermore, Wang et
al. [6] investigated the vibration and static re-
sponses of a porous metal foam microbeam by
employing the MSGT and sinusoidal beam the-
ory. In their analytical study, Zhang et al. [7]
incorporated the MSGT alongside the refined
plate theory (RPT) to examine the static, buck-
ling, and free vibration of the FG microplates
supported on an elastic medium. Applying the
MSGT, Ashoori [8] investigated a geometrically
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nonlinear plate formulation using the first-order
shear deformation theory and von Karman non-
linear strains. Besides, Le et al. [9-11] formu-
lated a mathematical model for the microstruc-
tures based on general Mindlin’s strain gradient
theory.

Magneto-electro-elastic (MEE) materials are
advanced materials that contain the unique ca-
pability to integrate mechanical, magnetic and
electrical properties. This unique combination
makes MEE materials valuable in various appli-
cations, including sensors, actuators, and smart
devices. For these reasons, many scientists
have devoted considerable time to researching
the behaviors of the structures made of MEE
materials. Liu et al. [12] reported the ana-
lytical static and vibration of MEE composite
plates with piezoelectric and piezomagnetic lay-
ers based on KPT. The investigation of free vi-
bration with large amplitude in MEE laminated
plates on an elastic medium was conducted by
Shooshtari et al. [13]. This study utilized the
analytical method and first-order shear defor-
mation theory (FSDT). Employing Eringen’s
nonlocal theory and the third-order shear de-
formation theory (TSDT), combined with ana-
lytical approach, Mohammadimehr and cowork-
ers [14] investigated the force vibration, static
and buckling of nanocomposite microplates, tak-
ing into account MEE properties. Zur and col-
leagues [15]] utilized the sinusoidal shear defor-
mation theory (SSDT) and nonlocal theory to
study the stability and vibration of the FG MEE
nanoplates subjected to electrical, mechanical,
and magnetic loads. In recent studies, exami-
nations of the dynamic and static of the MEE
plates have been documented in [16]. Certain
scholars directed their attention towards con-
ducting analyses on the mechanical responses of
the FG-CNTRC structures. Shi and colleagues
[17], utilizing the FSDT, determined the exact
solution for the free vibration of FG-CNTRC
beams. Chalak et al. [18] explored the hygro-
thermal free vibration of FG-CNTRC beams by
employing the higher-order zigzag theory and
the finite element method (FEM). Zghal and
coworkers [19] presented the FEM to introduce
the static bending of the FG-CNTRC structures,
encompassing plates and shells. Duc et al. [20]
presented the free vibration analysis of the FG-
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CNTRC plates with cracks based on the FSDT
and FEM.

As per the cited references and the author’s
knowledge, no existing research employs isogeo-
metric analysis (IGA) and the MSGT to explore
the free vibration behavior of the sandwich mi-
croplates with MEE face sheets and FG-CNTRC
core. To study the behavior of the microstruc-
ture using MSGT, the analytical methods are
beneficial because they allow for the manipula-
tion of higher-order derivatives in the approxi-
mate functions of higher-order stress. However,
for practical applications involving real struc-
tures, numerical techniques like FEM, meshfree
methods, IGA, and similar approaches are of-
ten the most suitable options. One advantage of
IGA is its ability to achieve any desired level of
continuity with its basic functions, thus meeting
the C'-continuity requirement of the MSGT mi-
croplate model. Hughes and coworkers [21] ini-
tially introduced the isogeometric method. Ref-
erences [22-24] discuss the free vibration, bend-
ing, and buckling analyses of microplates uti-
lizing the MSGT and IGA. Additionally, Thai
et al. [25,26] applied a joint approach involving
MSGT and HSDT to investigate the natural fre-
quencies and deflection of the FG microplates.
In addition, the fracture of the FG-MEE plates
was studied by Singh et al. [27] using the ex-
tended IGA. Kiran et al. [28,29] employed the
IGA to present the brittle fracture in the piezo-
electric materials. In this paper, we utilize the
refined plate theory incorporating two variables
and the MSGT to investigate the free vibration
of the sandwich microplates with MEE face lay-
ers and FG-CNTRC core under the electric and
magnetic loads. The effects of the length scale
parameters (LSPs), various types of CNTs dis-
tributions, external magnetic and electric loads
and geometry on the vibrational frequency of the
MEE sandwich microplates are presented.

2. Fundamental equations

2.1. The displacement fields

In this investigation, the RPT with two variables
is utilized to represent the displacement fields as
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follows:
u=u; +2uz+ f(z)us

(1)

where

u 0 Wp, 2 Ws, gz
u=<7 y;u = 0 Up = — S Wpy p3U3 = Wsy o}
w wp + Ws 0 0

f(z) = —42%/3h?

(2)
where w;, denotes the bending transverse dis-
placement; w, represents the shear transverse
displacement; index “,” denotes the differential
operator.

The strain tensor is defined by follow

er =261+ f(2) e (3)
s = (14 f'(2))&s
with f'(z) = d{;(zz), and
Ex Wh,zx Ws,za
&y = Ey €1 = — Wp,yy ;€2 = Ws, yy ;
Yy 2wb,zy 2/ws,zy
£ = { Yaz } (8, = { Ws, g
Vyz Ws,y

(4)
In accordance with Maxwell’s equation [30],

the magnetic (¥) and electric (®) potentials can
be formulated as follows

\P(w7yvz) Zw(%y
with g (2) = cos (5Z)

)g(2) + 220
) g (z) + 2o

()

where (¢) and (¢) are respectively represent the
in-plane magnetic and electric potentials. Addi-
tionally, (10g) and (¢g) signify the initial external
magnetic potential and electric voltage, respec-
tively.

The electric and magnetic fields are defined in
accordance with Maxwell’s equations by follow-

ing
Ez (I),z g (Z) 557113
E= Ey = (I),y = - g (Z) Py 5
£, ® . g (2) o+ %
H, U, 9(2) e
H{Hy}_{q’,y}_{ Q(Z)i/w }
H, v g (2) P+ %

(6)
where E is the vector of electric field, while are
the electric field’s components; H denotes the
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vector of magnetic field, while are the compo-
nents of the magnetic field.

Based on the MSGT [1], the rotation gradient
tensor x of the microplate is formulated as follow

x:%(v0+voT):{§b }:{
o=1 |

xo1 + f (%) xp2 } .
7 (2) X1 '

(7)

where
Xz
Xy = Xyy §Xs:{ iwz }5
Xzy Y
1 4wb,xy + 271}5@1/
Xb1 = 1 —Awp, oy — 2Ws ay )
2wb,yy - 2wb,xm + 2wm,yy - 2ws,zw
) L[,
X2 = 1 2Ws i Xs1 = 1 Wy

ws,moc - ws,yy

(8)
Likewise, the dilatation gradient tensor, as per
Eq. 1, assumes the forms:

C=C+20+f(2)¢+ 1 (2)¢, 9)

where

0 Wh,zx + Wy, zy
¢ =— 0 i G =— Wh,yy + Whzay o3
Wh,zx + Wh,yy 0

Ws,zz T Ws,zyy 0
C.‘S = § Ws,yyy + Ws,zyy (3 C4 = 0
0 Ws zz + Ws,yy
(10)

Moreover, the deviatoric stretch gradient tensor
is formulated as follows

{21

where

My

s

My + f (2) Mo + 7 (2) M3 }
I”sl + f/ (Z) 1782

TMxx
Nyyy Nzz
| Thyyx | L | Thxx
M 77xy /N nyyZ )
Nzx Nxyz
Nzy

(© 2024 Journal of Advanced Engineering and Computation (JAEC)



Volume: 8 | Issue: 3 | 2024 | September
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BT

M3 = BET ;
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1 *4wb,mx + Wy, yy + 4ws,mm — Ws,yy
15 _4wb,yy + Wy, zx + 4ws,yy — Ws,zx
—5wb,zy + 5’w57my

—6ws zo — 6Ws,yy
- 1 ) 8ws,gz — 2wWs yy

9 = —
8 15 8ws,yy - 2ws,a::1:

10ws 2y

(12)
where, § denotes the Kronecker’s delta.

2.2. The material properties

Consider the sandwich microplate as illustrated
in Figure 1. The microplate’s face sheets are fab-
ricated using isotropic magneto-electro-elastic
material. Additionally, the core is comprised
of an epoxy matrix reinforced with CNTs and
includes four distributions: FG-UD, FG-X, FG-
O, and FG-V. According to the extended rule
of mixture [31], the equivalent material proper-
ties of the FG-CNTRC core are formulated as
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follows
Ef) = mVentBEGNT + Vi, B™;

EC — T2 .
27 Vonr/ESNT +V,, JE™
c _ 3 .
12 VCNT/GlczNT +Vm/Gm’
vy = VCNTV%NT + VinVim;
p¢ =Venrpent + Vinpm
Vin=1-Vonr

in which the symbol ‘¢’ represents the core layer,
whereas the symbols ‘CNT” and ‘m’ denote car-
bon nanotubes and matrix, respectively; E, G,
v, p and V respectively denote the Young’s mod-
ulus, shear modulus, Poisson’s ratio, mass den-
sity and volume fraction; 71, 72 and 73 repre-
sent the CNTs efficiency parameters, which are
presented in Table 1. This paper employs four

FG-UD

Fig. 1: The geometry of the sandwich microplate.

distribution patterns to enhance the integration
of carbon nanotubes across the thickness of the
material matrix within the plate. The volume
fraction of CN'Ts in Equation 13 is explained for
different CNTs distributions as follows

Venr =V* FG — UD;

Vent (Z) = (]. —+ ]21%) v FG — V;
Vonr (2) = J2v> FG - X;
VCNT (Z) = (2* %ﬁl) V* FG*O

(14)
where
PmWCNT

pmwWeNT + ponT (1 — wenT)

V*= (15)

where wont is the CNTs mass fraction.

2.3. The constitutive relations

Taking into account the MSGT [1], the consti-
tutive relations of the core layer can be defined
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Tab. 1: The CNTs efficiency parameters [32].

V*

Ui T2 13
0.12 | 0.137 | 1.022 | 0.715
0.17 | 0.142 | 1.626 | 1.138
0.28 | 0.141 | 1.585 | 1.109

as follows

o, = Cyeep; 0 = Cces

my = 24 T3 3Xp; mS = 2p 1 Io0x
p¢ = 2ucl31353(;

75 = 2015 Lo omy; TS = 20 13 Lascan,

(16)

in which
c_ c ~cC T _ c —c T
0y = Oz Uy Txy 10 = Txz Tyz ?
T
c __ c c _ c c .
mb - { m'mw myy .TU } m { mmz Yz } )

p°={p 1, P

_ c c c c c c .
Ty = { Teze  Tyyy Tyye Toay Tzza  Tzzy } ’

T
ng Tz(':zz Tafzz szyz T:Ifyz } 5
Cii Cip 0
Cr=| Co O 0 ]C{% |
0 0 Ces 44
(17)
Besides, Is.9, Isz3, Isza and g respec-

tively denote the 22, 33, 44 and 66 iden-

tity matrices;  while o3, 07,75, 7;, and 7,
represent the stress components, Whlle
mzz7myy7majy7mzz7myz7 pz7py7pz a‘nd
Towws Towws Toues Togys Tozas Tazus Tazzs Tamzs Towzs Tar

zxx 'yyy 'yyx 'zxyr 'zzar Tzzy) Tzz20
represent the higher-order stress components of

the core layer; 011,012,022,0447055 andC’66
are the elastic coefficients; I, I3 and l3 denote
three LSPs; u® represents Lame’s coefficient.
The definition of the elastic coefficients and
Lame’s coefficient is presented as follow

c
E22

C C ;
1 —vipvs

C c
vg BTy

12 =

Cua = G533 Cs5 = G133 Ces = Gio b 3

(18)
According to the coupling of magnetic, electric,
and elastic fields, and employing the MSGT [1],
the constitutive relations of the face layers are
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zxzy 'yyzr 'yyz

c ,c 0
1—vivg
¢ Cua+ Cs5+ Cge

presented by

o] = Cyret, — CucrEpy — CumpHy
CuesEs — CumsHs

= CL.e0 + CearEp + CompHy
.= Clos&s + Cees By + ComsH,
=CI ev + ConvEp + CrumpHy
=Cl e+ CemsE + CrmsHs

= Csfss -

(19)

= 2Hf1113><3Xba = 2Mf1112><2X5

p/ =247 1315,5¢

=

m; =

= 2M 1316><6"7ba = 2Mfl314><4775

where

72} 0] = {0, T}’ ;
Bf} :B,={0 0 B.}";

pi}'iDy={0 0 D.}"

gy H,={0 0 H)'
ENEy={0 0 E.}T

mdy mh) imd = . m,

= {7z
B, = {B]
D, = {D]
H, ={H,
E, = {E,

Oy

nlb - {TnIL
={pf »j P}

Tb_{zzz Ty Toye
Tf*{ rf

xzz Yz

C12 0

f
f

TYz

(20)

f
Tzzyv

my,
higher-order

In Eq. 20, 7,
-

zzz)

P A S |
yym’ mzy’ Tizms
and m{_,
the

Tt
rm’ Tiyy
f
Tyyz 7Tyyz? pl 7py 7pz ’

denote

f
T£$Z7

f / !
ma:y My ’myz
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stress components of the face sheets;
ol 05,7’574,7'{2:, TJZ, D,,D,,D, and B,,B,, B,
respectively denote the stress componentb
electric and magnetic displacements; é&;;, Gs;,
and ¢;; respectively stand for the reduced piezo-
electric, piezomagnetic and elastic coefficients;
Eij,ﬂij, and cL«j are the reduced dielectric
permittivity,  electromagnetic  permittivity,
magnetic permittivity coefficients, respectively.
The material parameters, which are diminished
in Eq. 20, are computed by the following process

2 2
o C13. . _ C13. = _ L .
C11 = C11 — —; C12 = C12 — —; C66 = C66; C55 = Cb5;
€33 C33
_ €33C13  _ o )
C44 = C44;€31 = €31 — ; €15 = €155 15 = (155
€33
g33C13 7 - 6%3
d31 = q31 — s ki1 = kirs ksz = k33 + ==
€33
933633
di1 = di1; d3g = d3z + —=
C33
2
_ _ q33
H11 = p115 433 = M3z + —
€33

(21)

where ¢;j, qij, €i5, pi; and k;; represent the ma-
terial parameters as outlined in Table 3.

2.4. The Hamilton principle

Formulated according to Hamilton’s principle,
the MEE sandwich microplate’s governing equa-
tion can be defined as by

/ (G4 6K —oV)dt=0  (22)
0

Here, 0K, 611 and 6V are respectively represent
the virtual kinetic energy, strain energy, and the
work done by the electric and magnetic poten-
tials.
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The definition of the virtual strain energy for
the microplate using MSGT [1] is provided in

Ol = / &L Dyp&pdQ — / 0&L Doyep EpdQ
Q Q

- / 68} Dy HydQ + / 0eT’ DT
Q Q

- / 0T Dyes EgdQ — / 0T Doypns HedQ
Q Q

- / SEL DL ,&,d0 — / SEL Deep EpdQ
Q Q

- / SEL Doy HydQ — / SETDT e.dQ
Q Q

- / SET Do BydQ2 — / SET Doy,
Q Q

_ / SET DT £,d0 — / SETD,, ,Byd
Q Q
/ SHI Dy HydQ — / SAL DT ,d0

- / SHT D,y s EgdQ — / SAHT D s HedQ
Q Q

+/ 6)_({Drbf‘rb)_(bd9+/ 6X3DrsfrsXsdQ
Q Q

+ / 6¢" D g€ + / 574 D gevT e, dQ2
Q Q

+/ 6ﬁdecsf‘dcs"_’sdQ
Q

(23)
where

e o o ol . b
EI;:{E;};H}):* 0p:Ey=—-40 ;Hs:*{q;/)’z};
P ® v

_7790’1._7 Ab Bb ]

Dueb = { Cilteb Cieb }7

he/2
(AP, BP,DP) :/h/ (2% 2f, f*) Chedz
—h./2

Cimb } ;

umb = { Cumb
~he/2 h/2
+/ (2% 2f, fz)bedz+/ (2% 2f, f*) Cypdz;
J—h/2 Jhe/2
_ he/2 5 —h./2 5
D, :/ (1+f) CS,:der/ (1+ f)*C
—he/2 —h/2

h/2 5
+/ (1+f)°C
he/2

spdz

spdz;

—he/2

(ChanClu) = [
h/2

“he)2
(Cllunb7c'12nnb) = /
—h/2

h/2
d (5 f) Cucpdlz + / ¢ (2. 1) Cuardlz;
he/2
h/2

g (2 f) Cumbdz+/ g (2

he/2

s f) C’umbdz;
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_ —he/2 h/2 o Fd 0
Dyes = / g (14 f) Cuesdz + / g1+ f)Cuesdz;  Tgps = ©5 :
he/2 0 Fdes
~h/2

—he/2
Doums :/ g(1 +f’)Cumsdz+/ g1+ f) Cumsdz; Ty = diag (1,1,2) ;T = diag (2,2) ;
- he/2
/ Tyes = diag(1,3,3,6); Tyep = diag(1,1,3,3,3,3)

_ —he/2 9 h/2 9
Demb = / EII Cembdz + / g/ Cembdz; (25)
J—h/2 Jhe/2
B —he/2 h/2 : : : :
B.., - / §2Cunnds + / 2 Coydle: ' Tjhe expression for the virtual kinetic energy
—h)2 he/2 is given as follows
~he/2 2o
]_)TTLTYL :/ ! Cmm dz +/ / Cmm dZ; — L)
Y ’ hej2 ! K = | sulmudQ (26)
B —he/2 h/2 Q
Doms = / 9*Crmsdz + / 9> Conmsdz;
—h/2 he/2 where
—he/2 h/2
B 2 2
Dees = /—};/2 g Cccsdz+/h./29 Ceesdz; u In 0 O L I, I,
“he/2 hy2 u=qu, ;m=|0 Iy 0|;Ip=|L I3 I;
Dems :/ gzcemsdz +/ gQCemsdz us 0 0 Io I4 I5 IG
—h/2 he/2
(24) " 2 2
and (11712v-[37-l47-[57[6): (1,2’,2 7f7zf7f )p(Z)dZ
—h/2
(27)
5._[4 B ]l.5 _[As Byl Moreover, the virtual work is accounted for by
“T | B, Dy |"""" " | By Dy |’
h/2 §V = [ SNIN“"N,,d 28
(AlnBlqu) = / (22,Zf, f2) Cubdz; /Q v v ( )
—h/2

h/2 in which

(A B Do) = [ 2t (17 £7) Bvad
2 N, — {wbx + wsx} :

h/2
(Arm Bma D‘m) = / 2Hl12 (17 fﬂt fﬂQ) IQmZdZ wb,y + ws,y
h Nem — 2 (E3l¢0 + @317%) 0
Ay Bau Cu Eg == 0 2 (€3100 + Fa1%0)
_ By Duu Fu Ly 310 T q31%0
Ddl — 12 12 12 ar ; (29)
Cyu Fau Hg Oy . . . . )
Ey; Ly Oy Py By incorporating the required expressions into
Ay Buw Cuw Eue Eq. 22, the weak form of the microplates is re-
5. — |Bass Daw Faw Law| vised as follow
40 = 1 Cup Fasy Hasy Ouasp|’ B o
Ego, Lass Ouass Pasp / 5§$Db§bdﬁ — / 5§gDuebEbdQ
A i, Bai, Daiy Cai, Egiy Fai, Lai, Hai, Ogi, Pai) = Q @
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rh Q Q
(Ad887 Bdesa Ddes) = / 2Hl§ (17 f/7 f/2) I4x4dz§ T = T = _
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BTS Dr's Bdes Ddes T A = T 7~ T
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- / SET Dy A0 — / SET DT e,d0
Q Q

_ / SET Dy Bad) — / SET Dy HL.AO
Q Q

- / SAT DT, £dQ) — / SETD,, ,Eyde
Q Q

- / SELT Dy Fy A — / SETDT .d0
Q Q

— [ 6HT D, EodQ —

Q Q

+ [ oxL DT rox,dQ + / oxI'D,.T,.x,d0
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_T7 —_ _ _ — _
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Q

3. The NURBS

formulation

In two dimensions (2D), Non-Uniform Ratio-
nal B-Splines (NURBS) basis functions [21] are
constructed using two knot vector and . In
this context, ® = {n1,7m2,...,Mntpt1}; and
H = {,{2,. -, ntq+1} represent the number
of control points, while p and ¢ denote the poly-
nomial orders. The knot vectors are denoted by
® and H .The computation of the basis func-
tions for two-dimensional B-splines involves:

Rij(1,¢) = Nip(n) Mg (C)  (31)

The B-spline basic functions N and M are con-
structed using the Cox-de Boor algorithm, as
described below

- 1 ¢G << G -
M;jo (¢) = { 0 otherwise (@=0)
- 1 g << _
Nio(n) = { 0 otherwise p=0)
(32)
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and

Af@q(C)—“ji:igL*AZiq—1(C)

T g — G
4 MM (C) ( > 1) .
Cj+q+1 — Cj+1 Jj+1l,q—1 q = )
Y =" x
Nip(m)=—N;p1(n
)= I )
i N 3
+ ﬁj\fwl,pfl m (=1
i+p i
(33)

NURBS basic functions are formulated by com-
bining B-spline basic functions with their corre-
sponding weights, as shown below

Nij (0,() =Ne (") = 5
>
i=1

) Mj,q (Q Wi, 5

P (77
1 N;, () M5, (Q) w; 5

(34)
The approximation of the displacement vec-
tor, magnetic and electric fields based on the
NURBS basic function is expressed by following

Mz =

<o
I

mXxn

u(z,y)= > Ni(z,y)an
I=1

(@) = Y Nyr(2,9) X5
I=1

mXxn

o (zy) =Y Ner(x,y)xr
I=1

(35)

where

N (z,y) = Ni (2,y) Iox2;qr = {wsr wsI}T;
NApI (l’,y) = {NI (.Z‘,y) 0}7
szI(xay>:{0 N[(I,y)},
T

xr={¢r v}

(36)
where the NURBS basic function is denoted by
N[(Cﬁ,y)'

Based on the approximation 35, the displace-
ment 1 is reformed as follow

up mxn Nl[ mxn
T=qup=Y (Noypq=) Nyaq
us 1=1 | N3y I=1
(37)
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where
[0 0] —Nr, O
Ni;=]10 0 |;Nor=|-Nry O0f;
N; Nj 0 0
- : (38)
0 Nig
N3y = [0 Np,
0 0

The strain tensor, rotation gradient, devia-
toric stretch gradient, dilatation gradient and
electric and magnetic fields are reformed accord-
ing to the approximation in Eq. 35, as follows

g mXn B 1
_ 1 b1l 5
Eb:{g }: {BI}QI:ZBMQH
2 I=1 b2 I=1
mXn mXn
s = Z sIdIa Xs = Z BTSIqI7
I=1
b mXn bl mXn
b __ X1 _ BTI _ B .
X = Xb = Bb2 qr = rbIdI;
2 =1 rl =1
Bdil
_ mXn Bé{l mXn _
= 21 — B :
Bdil qr = dilI9qr;
I=1 BPd’fl I=1
41
Il mxn ( B{e mxn
=b __ =b _ Bdeb _ E
n =9 7N = 27 = debIqr
3 =1 | B =1
_ mxXn d mXn
=5 __ "ﬁ _ Bl?s _ B
- ,’—’s - Bdes qr = desIAT
2 =1 2I =1
mXn mXn
Ey= Y BuA;Es= ) BeAs;
I=1 I=1
mXn mXn
Hb = Z meIAH Hs = Z BmsIAI;
I=1 I=1

(39)
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in which
0
0 Nl =
?:{0 Nl’};BebIZ 0 s
Iy 7NI
= —Ny 110 —Ng
Bes - " 7Brs = = Y 5
(e
N[,Iz 0 0 NI,zz
BI{IZ*{ Niyy 0 }BZI* { 0 Niyy ]7
2N7 4y O 0 2Njp gy
-_2NI,LL':L' +3N1,wyy 0
~2N7,yyy + 3N1yy O
Bdcb 1 Nl,zzy - 4NI,zyy 0 .
) NI,yy_4NI,zyy 0]’
NI,II+NI,zyy 0
L NI,yy + NI,Iy 0
[0 2N7 40 — 3Ny
0 2JVI,avyy - 3N],¢Ly
Bdeb _ 1 0 _NI,:L‘(L‘I + 4Nl,zyy
2 510 —Nryyy +4Nrayy |’
0 _Nl,zzz NI ,TYY
_O Nryyy = Niayy
[0 —3Ny.
0 —3Ny,
110 —-N
deb _ _~ I,z
B3i N 15 |0 _Nl,y '
0 4Nr.
10 4Np,
-BNIA,acg; + 3-ZVI,yy _3N1,wx - 3N1,yy
Bdes _ i _4N1,wx + NIyyy 4N1,mm — NIﬁyy
15 _4Nl,yy + Nl,mz 4NI,yy - Nl,ww
i —5N7 2y ONT 4y
4NI,ocy 2Nl,wy
B?} = i —4N[7xy _QNI,xy 5
Q(Nl,yy_NImc) Nl,yy_NI,xac
1 0 2N7 2y
BY = 110 2N7 .y ;
0 Nl,xx - NI,yy
0 0
B{} = 0 0l;
NI zz + NI,yy 0
. _NI,III - NI,zyy 0
Bg}l = _NI,yy Nl,zzy 0 ;
i 0
. -0 Nl,zza: + Nl,zyy
B(Siﬁl =10 Nryyy + Nraay | ;
0 0
[0 0
Bl =0 0
0 NI,w.’L' + Nl,yy
(40)
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Similarly, the vector IN,, is rewritten as follow
mXn N N
w = Byrar; By = { f I“L] 41
; g g Nf,y Nl,y ( )

Substituting the necessary expressions into Eq.
30, the expression for the weak form in the
free vibration analysis of the MEE sandwich mi-
croplate can be stated as follows

(K-w’M)g=0 (42)
where
K=K, - K,.K; 'K ;
Ko = — /Q BT Doy BopdQ — /Q B D By

_ / B7DyesBeyd — / BT Doy By dS;
Q Q

K, = / B{ D,,BydQ + / B'D, B,
Q Q

+ /Q BT Dy, T, B,pd + /Q B.D,.T,.B,.d
+/Q]_3£1Ddill_3dud9+/Q]_3§edeebI_‘dedeebdQ
+ / BlesDesTaesBaesd — / BIN°"B,dQ;
/ BY Dy BepdQ — / T Dy By dQ2
/ BZ DeosBesdQ — / B DeysBnsdQ
/ BT, Derpy BepdQ — / BT, Dy By
/ B DepmsBesdQ — /Q B DymsBmsdQ

M= / NZIﬁNudQ; q = ge™!
' (43)
Here, w represents the natural frequency, while
g denotes the mode shapes. Meanwhile, K and
M denote the global stiffness matrix and mass
matrix, respectively.

4. Numerical results

To begin with, we examine square MEE sand-
wich plates with the materials are outlined in
reference [33] to validate the precision and agree-
ment of the proposed model. The material char-
acteristics of the FG-CNTRC core and MEE face

(© 2024 Journal of Advanced Engineering and Computation (JAEC)

sheets are presented in Table 2 and Table 3, re-
spectively.

Tab. 2: The material properties of the FG-CNTRC
core.

Properties Matrix CNTs
EGNT = 5646.7
Elastic (GPa) E,, =261 ECNT = 7120.5
GCNT = 19445
Poisson’s ratio Uy = 0.34 Z/ICQNT = 0.175
Density (kg/m3) | p,, — 1200 | p®~T = 1400

Tab. 3: The material parameters of the MEE face

sheets.

Properties BaTi03-CoFex04

C11 = C22 = 226, Cl2 = 1257
C13 = 1241 C33 = 216,
Cq4 = C55 = 44.2; Cee — 50.5;

Elastic (GPa)

Piezoelectric (Cm-2) €31 = e3a = —2.2;

€33 — 9.3; €15 — 5.8

Piezomagnetic (N/Am) | ¢i5 = goa = 275;

g31 = g32 = 290.1; ¢33 = 349.9

Dielectric ki1 = k12 = 5.64; k33 =6.35
(107°C?m=2N—1)

Magnetic f11 = p12 = —297; p13 = 83.5
(10-Ns2/C?)

Magnetoelectric dyy = dis = 5.367;d33 = 2737.5

(10712Ns/V C)

Density (kg/m?) p! = 5500

The boundary conditions consist of a combi-
nation of simply supported (S) and clamped (C)
edges. Table 4 presents the lowest four natu-
ral frequencies of the SSSS sandwich plate with
MEE face layers and FG-CNTRC core with dif-
ferent CNTs distributions. The plate is mod-
eled with 9x9, 11x11 and 13x13 meshes. The
length scale parameters are neglected (1 =0) in
this case. The results are compared with those
given in [33]. Moreover, it showed a good agree-
ment with the published solution. Besides, the
differences between the mesh levels are negli-
gible. Therefore, the forthcoming analysis will
use an 11x11 element mesh. Next, Table 5
present the first five dimensionless natural fre-
quency w = why/p1/E7 of the SSSS metal foam
microplates with uniform porosity distribution.
The material properties of the metal foam mi-
croplate are taken by [34]: F; 200G Pa,
vy = 0.33, p1 = 7850kg/m3. The numerical
results are compared with the reference given
in ref. [34], which are used the combination of
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RPT with four variables, MSGT and IGA. As
we see from Table 5, the present calculation re-
sults are in good agreement with the published
ones. The comparison results in Table 4 and Ta-
ble 5 present the precision and agreement of the
proposed method.

Tab. 4: The lowest four vibrational frequencies of the
SSSS MEE sandwich square plate (a = 20h,l =
0,he = 8hs, V* = 0.12, ¢ = 0,40 = 0).

Mode Theory  Mesh CNTs distribution
FG-X FG-V FG-O
Ref. [33] 1666.6 1608.3 1585.2
9%9 1659.5 1581.6 1496.5
1 Present  11x11 1659.5 1581.6 1496.5
13x13 1659.5 1581.6 1496.5
Ref. [33] 3475.6 3467.1 3466.9
9%9 3527.9 3484.9 3440.8
2 Present  11x11 3527.7 3484.7 3440.6
13x13  3257.7 3484.6 3440.6
Ref. [33] 3921.4 3744.2 3664.1
9%9 3934.3 3786.8 3598.0
3 Present  11x11 3934.1 3786.7 3597.9
13x13 3934.1 3786.6 3597.8
Ref. [33] 5278.5 5204.6 5177.0
9x9 5231.3 5102.9 4947.9
4 Present  11x11 5231.1 5102.8 4947.6
13x13  5231.0 5102.7 4947.6

Tab. 5: The lowest five vibrational frequencies of the
SSSS metal foam microplate with uniform
porosity distribution (a = 10h,l = 0).

1/h  Theory Mode
1 2 3 4 5
0 Ref. [34] 0.0562 0.1340 0.1340 0.2054 0.2502
Present  0.0562 0.1340 0.1340 0.2054 0.2502
0.1 Ref. [34] 0.0601 0.1434 0.1436 0.2203  0.2683
Present  0.0601 0.1434 0.1436 0.2203 0.2683
0.2 Ref. [34] 0.0706 0.1684 0.1689 0.2595 0.3160
Present  0.0706 0.1684 0.1689 0.2595 0.3160
0.5 Ref. [34] 0.1203 0.2867 0.2892 0.4447 0.5389
Present  0.1203 0.2867 0.2892 0.4447 0.5389
1 Ref. [34] 0.2196 0.5225 0.5290 0.8128 0.9813
Present  0.2196 0.5225 0.5290 0.8128 0.9813

Moving forward, the free vibration analysis of
the sandwich microplates with MEE face layers
and FG-CNTRC core is investigated. The ma-
terial parameters of the microplates are taken in
Table 2 and Table 3. Besides, the LSPs are taken
the same l; = [ = I3 = [. The first four normal-

ized natural frequencies w = “’Taz £ of the
square microplates with FG-CNTRC core and

MEE face layers under the effect of the scale-to-
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thickness ratio (I/h) and CNTs distributions are
presented in Table 6. According to this table,
the vibrational frequency of the MEE sandwich
microplates is decreased with a growth of the
parameter [/h. Furthermore, the highest natu-
ral frequency is found in the FG-X distribution,
followed by FG-UD, FG-V and FG-O configu-
rations. The influence of the external electric
potential (¢p) and magnetic potential (1)g) on
the first normalized frequency of the SSSS and
CCCC MEE microplate is studied and plotted in
Figure 2 and Figure 3, respectively. As we see in
Figure 2 and Figure 3, with a rise of the param-
eter ¢g, the microplate’s frequency is decreases.
Meanwhile there is a growth of the microplate’s
frequency with an increase of the parameter .
The first dimensionless natural frequency of the
MEE sandwich microplates with various values
of the parameter a/h and CNTs volume fraction
(Vi) are presented in Figure 4. It can be seen
that in Figure 4, rise in the parameter a/h and
CNTs volume fraction leads to the growth of the
microplate’s natural frequency.

In addition, to show the advantage of the
present method, the free vibration of the MEE
sandwich circular microplate with radius R is
studied. The first four dimensionless natural

. _ 2 ., . .
frequencies @, = % Lm of the circular mi-

croplates with FG-CNTRC core and MEE face
layers with various values of parameter [/h and
CNTs distributions are tabulated in Table 7.
The results in Table 7 show that an increase
in the scale-to-thickness ratio leads to a rise in
the microplate’s frequency. Besides, the FG-
X distribution provides the largest vibrational
frequency, while the FG-O distribution provides
the smallest.

5. Conclusions

The size-dependent free vibration of the sand-
wich microplates with the MEE face sheets and
FG-CNTRC core is studied in this investigation.
The RPT and MSGT are employed to derive the
governing equation of the MEE sandwich mi-
croplates. After that, the IGA is used to solve
this governing equation. The impact of vari-
ous parameters of the material and microplate’s

(© 2024 Journal of Advanced Engineering and Computation (JAEC)
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Fig. 2: The impact of the parameters ¢o and ¥ on the first normalized natural frequency of the MEE sandwich
square microplate with SSSS boundaries (a/h = 30, he/hy = 8,V* = 0.17,1 = 0.2h).

geometry is examined. The results show that
a rise in the magnetic potential and electric
voltage leads to the improvement and reduc-
tion of the sandwich microplate with MEE face
sheets. Besides, the microplate’s stiffness is en-
riched with a growth in the length scale param-
eter. The increase in the CNTs’ volume fraction
rises the MEE sandwich microplate’s frequency.
Among the CNTs distributions, the FG-X dis-
tribution provides the highest stiffness of the
sandwich microplate, followed by FG-UD, FG-
V and FG-O distributions. Finally, the growth
in the length-to-thickness ratio makes the sand-
wich microplate stiffer.

(© 2024 Journal of Advanced Engineering and Computation (JAEC)
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Tab. 6: The lowest four normalized frequencies of the
MEE square sandwich microplate (a/h =

10, he/hy = 8,V* = 0.12, ¢ = 1bo = 0).

Tab. 7: The lowest four normalized frequencies of the
MEE circular sandwich microplate (a/h =

10, he/hy = 6,V* = 0.12, ¢g = 1o = 0).

BC Th T Mod ONTs distributi BCs | 1/h | Mode CNTs distribution
S /h Vlode s distribution FG-UD TG-X TGV FG-O
FG-UD FGX FGV FGO :
I [64009 6.6295 6.3913  6.1370
T [ 173150 17.7345 17.2995 16.7736 -
‘ . o s 0 2 | 14.3893 14.5533 14.3819 14.2038
0 2 | 339145 33.9293 33.9253 33.7066
3 | 311403 344142 3415 . 3 | 151914 15.6658 15.1807 14.6057
' i 1521 33.9165 4 | 22.9747 233611 22.9637 22.5030
4 | 452100 45.2994 45.2289 45.0664 - - o s =
1 [ 17.4040 17.8375 17.3399 16.8523 6. 6.6418 = 6.4026  6.1476
01| 2 |341225 341571 341349 33.9600 01] 2 144241 145908 14.4169 14.2364
3| 344203 347400 34.4434 34.1073 3| 152364 157175 152261  14.6452
SSSS 4 | 455847 45.7125 45.6064 45.4055 88 4 ] 23.0507 234458 23.0402 225718
T [ 180795 18.6028 18.0680 17.4491 L] 64995  6.7364 64905  6.2299
0.3 2 35.6989 35.8752  35.7229  35.5601 0.3 2 14.6945 14.8815 14.6893 14.4909
3 36.5877 37.1649 36.6174 35.8591 3 15.5811 16.1103  15.5730 14.9498
4 | 48.4062 48.8132 48.4481 47.9681 4 | 23.6374 24.0957 23.6311 23.1057
T [ 192469 19.9000 19.2406 18.5064 T |6.6623 6.9098 6.6542  6.3859
05| 2 |384820 388760 38.5241 38.1519 05| 2 | 152010 154202 15.1993 14.9723
3 | 40.2677 41.2680 40.3191 39.1256 3 | 16.2028 16.8075 16.1983 15.5093
4 | 533145 54.1664 53.3865 52.4615 4 | 24.7154 252757 24.7162 24.0988
1 | 234586 235171 234703 23.3776 T [ 102082 10.4192 10.2043 9.9612
0 2 | 39.0980 39.0466 39.1239 39.1414 0 2 | 18.4446 18.5643 18.4446 18.3158
3 | 39.5359 39.3742 39.5652 39.7667 3| 18.9091 19.2352 18.9070 18.4925
4 50.6974  50.5180 50.7336  50.9365 4 26.7318  26.9748  26.7319 26.4351
1 23.6559  23.7339  23.6692 23.5572 1 10.2396 10.4541 10.2360 9.9898
0.1 2 1395098 39.4933 39.5391  39.5207 01| 2 |185055 18.6304 18.5060 18.3724
3| 398778 39.7399 39.9097  40.0885 3 | 189875 19.3235 18.9860 18.5621
cece 4 | 512212 5LOT90 512616 514277 | | ¢ 4 | 268458 27.1003 26.8469 26.5394
L 1| 251194 25.3390 25.1434 24.8903 T | 104804 10.7201 104784 10.2099
0.3 g g‘*égg igg;‘;g ggg?‘f igjgé;‘ 03| 2 |189752 191385 18.9793 18.8104
© : : : 3 | 19.5844 19.9941 19.5874 19.0938
4 | 551290 55.2625 55.1990 55.0903 .
4 | 27.7166 28.0563 27.7243 27.3363
T [ 27.6079 28.0541 27.6477 27.1684
: 2 geon : T | 109180 11.1977 10.9189 10.6152
05| 2 |46.7798 47.0993 46.8605 46.5971 :
3 | 478513 485917 470412 479055 05| 2 |19.8390 20.0656 19.8494 19.6220
4 | 618504 624426 619656 61.3937 3| 206522 21.1823 20.6621 20.0550
4 | 29.2005 29.7722 29.3090 28.7868
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