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Abstract. In this study, we define the k-
Quasi Morgan-Voyce and k-Quasi Morgan-
Voyce-Lucas sequences, and some terms of
these sequences are given. We introduce the
closed-form formulas that give the terms of
these sequences. Also, we examine the char-
acteristic equation and properties of these se-
quences. Then, we find the relations between
the terms of the k-Quasi Morgan-Voyce and k-
Quasi Morgan-Voyce-Lucas sequences. Also, we
give these sequences gemerating functions, sum-
mation formulas, etc. We present special rela-
tions between the positive indexr term and the
negative index term of these sequences. In ad-
dition, we obtain the Binet formulas in two dif-
ferent ways. The first method is the classic one.
The second method is obtained with the help of
the generating functions of the sequences. More-
over, we calculate the special identities of these
sequences like Cassini and Catalan. Finally, we
examine the relations of the k-Quasi Morgan-
Voyce sequence with the Fibonacci, Bronze Fi-
bonacci, Pell, Balancing, Jacobsthal, Mersenne,
Oresme sequences and k-Quasi Morgan-Voyce-
Lucas sequence with the Lucas, Bronze Lucas,
Pell-Lucas, Balancing-Lucas, Jacobsthal-Lucas,
Mersenne-Lucas, Oresme-Lucas sequences, Tre-
spectively. In addition, for special k values,
these sequences are associated with the sequences
in OFEIS.

Keywords: Binet Formula, Catalan Identitiy,
generating function, Quasi Morgan-Voyce se-
quence, Sequences.
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1. Introduction

The Fibonacci and Lucas sequences are fa-
mous sequences of numbers. These sequences
have intrigued scientists for a long time. Fi-
bonacci sequences have been applied in vari-
ous fields such as Cryptology [1], Phylotaxis
[2], Biomathematics [3], Chemistry [4], En-
gineering [5], etc. Many generalizations of
the Fibonacci sequence have been given. The
known examples of such sequences are the k-
Fibonacci, Leonardo, Horadam, k-Pell, Gaus-
sian Fibonacci, k-Jacobsthal-Lucas, Narayana,
Perrin sequences, etc. (see for details in [6-11]
and [12-15]).

For n > 0 , The Fibonacci numbers Fj,,
Bronze Fibonacci BF,, , Lucas numbers L,,, and
Bronze Lucas numbers BL,, defined by the re-
currence relations, respectively,

Foyo=Fop+ By,
BF, 2 =3BF,11+ BF,,

Lyt2 = Lnt1 + L,
BLyyo = 3BLyy1 + BLy,

with the initial conditions Fy = 0,F; =
1,BFO = 0,BF1 = 17L0 = 2,L1 = 1, and
BLy=2,BLy = 3.
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For F,,, L,, BF, and BL, the Binet formulas
are given by relations, respectively

Fn: ua Ln:an+/6n7
a—p
AP 7wn
BF,=—"— BL,=\" "
h= oy Bln =Xty
where a = —HQ‘/g, 8= 1*2‘/5, A= 7:”5/@, and
Y = % are the roots of the characteristic

equation 72 —r —1 =0and v2 —3v — 1 = 0.
Here the number o and lambda are the known
golden ratio and Bronze ratio, respectively.

In addition, for n > 0, the Pell numbers p,,,
Pell-Lucas numbers ¢,,, Balancing numbers B,,,
and Balancing-Lucas numbers C,, defined by the
recurrence relations, respectively,

Pn+2 = 2Pn+1 + Pny @n+2 = 2Gn+1 + G,
Bn+2 = 6Bn+1 + Bn, Cn+2 = 6Cn+1 + Cru

with the initial conditions pg = 0,p1 = 1,q9 =
2,q1 = 2,BQ = O7Bl =1 and Co = 2,01 = 6.

For p,, gn, B, and C,, the Binet formulas are
given by relations, respectively,

n n

P —w
o —

,Yni(sn
y—9

Pn = ; Qn:¢n+wna

B, = and Cp, =" + 0"

where ¢ = 1+ 2 , w = 17\@,7:
3+ 2v/2,and § = 3 + 2v/2 are the roots of the
characteristic equation 22 — 22z — 1 = 0 and
y?> — 6y — 1 = 0, respectively. Here the num-
ber ¢ is the known silver ratio.

Moreover, for n > 0, the Jacobsthal numbers
Jn, Jacobsthal-Lucas numbers j, , Mersenne
numbers M, , Mersenne-Lucas numbers N, ,
Oresme numbers O,, , and Oresme-Lucas num-
bers H,, defined by the recurrence relations, re-
spectively,

Jn+2 = Jn+1 + 2Jnajn+2 =Jnt+1+ 2,
Mn+2 = 3Mn+1 — 2M,,

1
Nn+2 - 3Nn+1 - 2Nn70n+2 - OnJrl - ZOna
1
Hn+2 - Hn+1 - ZHna
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with the initial conditions Jy = 0,J; = 1,59 =
2,j1 = 2,M0 = O,Ml = 17N0 = 2,N1 = 3, and
00=0,0,=1/2,Hy=2,H; = 1.

For I,,, jn, My, Ny, Oy, and H,, given by rela-
tions, respectively,

mh —pt .
In = 7pa]n:mn+pn7M =

m—p r—s

n " n 1
Nn:T +S,On:5,andHn:Cn7_1

where m = —-2,p = 1,r = 2,s = 1, and
¢1 = ¢ = 1/2 are the roots of the character-
istic equation a2 —a—2=10,b>—3b—2 =0 and
c? —c—1/4 = 0, respectively.

A. M. Morgan-Voyce introduced the Morgan-
Voyce sequences. In [16], Swany defined gener-
alized Morgan-Voyce polynomials {b,}, -, and
{Bn},>o by the recurrence relations, respec-
tively,

bn+2 = ZUbn—‘,—l + bn

B2 = (33 + 1)Bn+1 + By

with the initial conditions by = 1,01 = x+1 and
BO = l,Bl ZJ,‘—FQ

In [17], Ozgiil and Sahin studies were carried
out on the properties of the Morgan-Voyce poly-
nomials. In addition, Ozel et al., worked on
Morgan-Voyce matrices [18].

With the help of the recurrence relation of
the Fibonacci sequence, k-sequences were intro-
duced, and these sequences have an important
place in number theory [19]. In [20], Falcon
and Plaza introduced the k-Fibonacci sequence
and obtained many properties related to this se-
quence. In addition, Falcon defined the k-Lucas
sequences [21]. Moreover, Falcon applied the
Hankel transform to the k-Fibonacci sequence
and obtained the terms of Fibonacci sequences
differently [22]. Furthermore, Shannon et al de-
fined the partial recurrence Fibonacci link and
found many of its properties [23].

As seen above, many generalizations of Fi-
bonacci and Lucas sequences have been given
so far. In this study, we give new gener-
alizations inspired by the -Fibonacci sequence
and Quasi Morgan-Voyce polynomials. We call
these sequences the -Quasi Morgan-Voyce and
-Quasi Morgan-Voyce-Lucas sequences and de-
note them as My, ,, , and Ly ,, , respectively.
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We separate the article into 3 parts. In chap-
ter 2, we define the k-Quasi Morgan-Voyce and
k-Quasi Morgan-Voyce-Lucas sequences, then
give the characteristic equation, the Binet for-
mulas, and some properties for these sequences.
Then we examine the relationship between
k-Quasi Morgan-Voyce and k-Quasi Morgan-
Voyce-Lucas sequences. In addition, we are
shown the relationship of k-Quasi Morgan-Voyce
and k-Quasi Morgan-Voyce-Lucas sequences for
Catalan identity, Melham’s identity, Vajda’s
identity, etc.

In chapter 3, we examine the relations
of the k-Quasi Morgan-Voyce sequence with
the Fibonacci, Bronze Fibonacci, Pell, Bal-
ancing, Jacobsthal, Mersenne, Oresme se-
quences and k-Quasi Morgan-Voyce-Lucas se-
quence with the Lucas, Bronze Lucas Pell-Lucas,
Balancing-Lucas, Jacobsthal-Lucas, Mersenne-
Lucas, Oresme-Lucas sequences, respectively. In
addition, for special k values, these sequences
are associated with the sequences in OEIS.

2.  k-Quasi Morgan-Voyce
and k-Quasi
Morgan-Voyce-Lucas
Sequences

In this section, we define Quasi Morgan-Voyce
sequence, which is a new generalization of Fi-
bonacci sequence inspired by Quasi and Morgan-
Voyce sequences. Also, Lucas generalization of
this sequence is defined by using the definition.
In addition, we obtain many properties of these
sequences.

For k € R™, and n € N, the k-Quasi Morgan-
Voyce My, ,,, and k-Quasi Morgan-Voyce-Lucas
Ly, are defined by, respectively,

Mk,n+2 = (k + 2)Mk,n+1 - Mk,nv
with My o =0 and Mj; =1,
Ek,n+2 = (k + 2)£k,n+1 - Ek,na

with L0 =2 and L1 = k+2. Then, let’s give
some information about the equations of these
sequences.

(© 2024 Journal of Advanced Engineering and Computation (JAEC)

The characteristic equation of the -Quasi
Morgan-Voyce and -Quasi Morgan-Voyce-Lucas
sequences is

= (k+2)r+1=0. (1)

The roots of the characteristic equation are as

follows:
k+2+Vk?+ 4k
T =
1 2 )
k+2—Vk?+4k
To = .
2

The relationship between these roots is given be-
low

rm4+ro=k+2,r—= v k2 + 4k,
24l =k 44k +2, riry = 1.
The My, ,, and Ly, values for the first four n
natural numbers are given in below:
Mpo=0Mp1 =1, Mp2=k+2,
My 3 = k* + 4k + 3,
My y = k* + 6k* + 10k + 4

and

Lio=2,Lr1=k+2,Lps=k"+4k+2,
Liz =k +6k*+9k+2,
Lia=k*+ 8k + 20k* + 16k + 2.
Also, the terms of the k-Quasi Morgan-Voyce
My, , and k-Quasi Morgan-Voyce-Lucas Ly, ,,

sequences can be found with the help of the fol-
lowing relations. Let n € N

L=2*]
Mk,n = Z

=0

(" o Z) (k+2)n 12 (1)
(3)

and
Lon= % ("7 eyt @

=0

In the following theorem, the Binet formu-
las of the k-Quasi Morgan-Voyce My, ,, and k-
Quasi Morgan-Voyce-Lucas L, sequences are
expressed.

Theorem 2.1. Let n € N. We obtain
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n_.n
L)
ri—ra’

i M, =

ii. Ly p=r]+rs.

Proof. The Binet form of a sequence is as fol-
lows

Mk,n = CL’I’ln + bTQn. (5)

The scalars a and b can be obtained by sub-

stituting the initial conditions. It is obtained

by solving the given system of equations. For

n =0, Mko:O andn—l M1 = 1. Thus,

a = \/W and b = W are obtained. From
here o
ry —r
My, =-L "2 6
k,n . — 7o ( )

The proof of the other is shown similarly. Next,
we examine the relationships between the roots
of the characteristic equation of these sequences
and these sequences.

Theorem 2.2. We have

. M Ly 2i—

1. T%Z = k’”é‘”r \/k2+4k‘—|— };’2121,

.o 1 My 2; / Ly 2i—

1. T221 = k+k’22 k2 4k ,I;+2 2 17
eee ; i L 24
111. 7‘121 L= Mkz \/]432 +4k+7’1 ]/:-&-221,

iV. 7“221;-"_1 = —Agié% kQ + 4k + r9 ﬁ;}i;ilg—l ,
V. VA2 +4kMy i + Ly = 21,
k2 + 4kMy; — L

vi. ki = —2rh.

Proof. i. If the Binet formula is used, we obtain

My i Ck,zi—1
: k2 + 4k 2
o WV AR ST

— Ty

7,12271 + 7,2227

21 21
ri k2 + Akt

(Tl—TQ)(k+2) k+2
7,12i+1 _ ,],.17,,22i + ,,,12i71 + ,,,227371
k+2
et e (net)
- k+2 -n

The proofs of the others are shown similarly.

Theorem 2.3. Let £ = ry or z = ro. We obtain

izt =a My g — Mpia—1,

ii. 22 =29Ly, — 1,
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viii.

ees o b
111. Mk,a(bfc) = xach,ab —x° Mk,am

: ad _ 2"Mpad _ Mra@-1)
iv. @ = = haasn,
b
v. 2% = 1" M o b1 — P Mka by
. net1 n
vi. 71+k+2)x+x2(2 +1) 202 L gnr.

Proof. i. For x = r{ , we have

a a a—1 a—1
™ —T3 T T T
Mg — My g1 =11 —
T — T2 rH — 1T
a—1 2 a—1
] (rl - 1) -1y (rre — 1) _
M —To L
For x = ry, we have
a a a—1 a—1
Ty — T T —T
1 2 1 2
Z‘Mk-,’a - Mk,a—l =T2 -
M — T2 rH — T2
a 1 a 1
™ (T2fﬁ>*7”2(7”2*g) “
= = T2
r —T2

The proofs of the others are shown similarly.

In the following theorems, we find special
relations between the k-Quasi Morgan-Voyce
My, ., and k-Quasi Morgan-Voyce-Lucas Ly,
sequences.

Theorem 2.4. Let k € RT™ m,n € Z* and m >
n. The following equations are satisfied.

i. ['k:,n = Mk:,n—i—l - Mk,n—la

i L2, — (W2 +4k)ME, =
iii. 2M}c7m+n = Mk,mﬁkm, + Ekﬂanmm
iv. Ek,m‘ck,n = £k7m+n + £k7m7n7

V. \/m./\/lk,n =Lint1 +Lin-1,
M on+2Liont1 = My anys + 1,
Li,—n = Ly n,

Myon = — M.

vi.

vii.

Proof. i. If the Binet formula is used, we obtain

)

n+1 n+1 n—1 n—1
T — T T — T
1 2 1 2
Mk,n-i—l - Mk,n—l - -
r —T2 r —T2
n 1 n 1
A=) (ened)
= =71 +7r5 =Lin
=T
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The proofs of the others are shown similarly. The proofs of the others are shown similarly.
Theorem 2.5. Let kK €¢ R™,m,n € ZT and Theorem 2.7. Let k € R,m,n € Z",and n >
m > n. We have m. We have

io 2Lkm—n= LrnLkm—(k*+4k) Mg o Mp.m, My pisMi = M3

. _ B i. 1

11. QMk,m—n = Lk,TLMk,m ‘Ckaka¢n7 = m(gj\/lk’n+l — 2Mk,n+3 — Mk,n73)

iii. Ek,an,m = M m—n + Mk m+n,

2 2 2 2
Mk,n+m£k,n+m - Mk,m‘ak,m
ii. 1
Vo Mimint1=Mimi1Meni1-Mg m M, = m(‘ck,4m+4n + 2Lk 2n42m — Liam +4),

vi. Mk,Sn = (k2 + 4]&')/\/1%)” + 3Mk,n-

iv. Ek,m+n+1 = »Ck,nJrle,erl - £k,an,mu

M 2m+1 M 2n41
Proof. iv. If the Binet formula is used, we iii. B 1
obtain k2 44k

Mk,m-‘rle,n-i-l - Mk,ka,n

(£k72m+2n+2 - Ek,Zn—Qm)

Mk,n£k,n+m - Mk,n-i—ka,n—m

m-+1 m+1 n+1 n+1 m m ,.n n 3
T — T T — T i —To T1 —T 1v.
1 2 1 2 1 2 "1 2
= - = Mk,Zner - Mk,Zn - Mk,Zm - Mk,m
rL—="r2 Ty —T2 rL—T2 T1—T2
m+n+1 m+n+1
] (r1—rq) — 1y (r1 —7r2)
— 5 = Mk’nﬁk,n—‘rm - Ek,nﬁk,n—m
(7”1 - 7”2) V.

pmtntl _ mandl = Mk’,2n,+m - ‘Ck,Q—m - ['k:,m - Mk,m-
1 2

= M 1
T — 7o ym+n+

Theorem 2.8. Let k € R and a,b,c € Z*. The
The proofs of the others are shown similarly. following equations are satisfied.

Theorem 2.6. Let k € RT, and m,n € Z*.  AMy aipie = LralrsMipe + My.oLp oLy
: i.

We obtain + LiaMp pLic + (K2 + 4k) My o M p M
i. Mk,m + Mk,m—i—4n = Mk,7n+2n£k,2n7
ALk arbre = LralipLlrc + (K + 4k)

C LMy pMi e + My oLk pLre + My oMy b L c.

ii. Mk,m+3n - Mk,m+n = ﬁk,m+2an,na u
iii. Mk:,m+n + Mk,m+3n = Ek,an,erQna

. The proofs of Theorem 2.7 and 2.8 are shown
1v. Ek,m+37z‘£k,m+n:(k52 +4k)Mk,m+2an,n~ P

using the Binet formulas.

Proof. ii. If the Binet formula is used, we Theorem 2.9. Let k € R,a,b,c € Z" and ¢ #

get a. We obtain
7ﬂm+2n _ T,77L+2n 5 5 9 9
1 2 —
Ek,an:,m—i-Qn = (7‘? + Tg)# i ‘Ck,cfa - Ek,aer + (k + 4]{;)Mk,cfa
172 .
LiaivMppre — (k2 + 4k) M3
T;n-&-iin o TiL,’,Qm-&-Zn + TTH_Q”’FS o r;rl+3n k,a+b k,b+c ( ) k,b+c
KT — T2
, — (K* + 4k)M3
g g gty M
= : 2 2
T — T2 =Ly arb — Lre—aLratvLibre T Ly pyes
- T;n-&-iin o T£n+3n T{n+n . T£n+n ) ,
B T —T2 Ty — T2 i Mk,c—a = Mk,a—i—b - ﬁk’,a—CMk,a—&-ka,b—Q—c
° 2
- Mk,m+3n + Mk,m+n~ + M}g,b-f-c'
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Proof.
have

iii. If the Binet formulas are used, we

2 2
M v — Lra—eMiatoMp pre + Mp oy e

raer_raer
1 2 2 — —
= (2P e )

Theorem 2.12. (D’ocagne’s Identity) For n,r
natural numbers, and » < n , we have

i. Mk,nJrle,r - Mk,an,r+1 = _Mk,nfra

ii. Ek,n+1£k,r ﬁk,,nﬁk,r-ﬁ-l = (k2 +

AR My .

g (o) | ot
1 — 79 71— 1o ri— 1o Theorem 2.13. (Vajda’s Identity) For n,4,j €

,rlc—a _ ,r2c—a ) )
=(——)" =M ._
( T — 7o ) k,c—a
The proofs of the others are shown similarly.

In the following theorems, we calculate the
specific identities of the k-Quasi Morgan-Voyce
My, and k-Quasi Morgan-Voyce-Lucas Ly, ,, se-
quences.

Theorem 2.10. (Cassini Identity) For n € N,
we obtain

i MM — M, = —1,
ii. Lrni1Lin—1— L}, =k +4k.
Proof. If the Binet formula is used, we get

2
MkJH-le,n—l - Mk,n

B ,,,1n+1 _ 7,2n+1 T‘1"_1 _ 7,2n—1 Tln _ 7,2’71 ,rlrL _ 7,2”
- T —T2 L —=T2 N rL—T2 T1—T2
7,1271 _ ,’.1n,+17,2nfl _ ,"271,4»17,17171 + ,"2271,
i. — (ri —r2)?
7,12n, —2r1"re™ + 7,2271 o (7"17'2)11%;1 (7‘17‘2)’”7T2
(r1 —12)? S (ri—r2)? ()2
p 2ty

(7‘1 — 7'2)2
L L —r?
kn+l~kn—1 k,n
_ n+1 n+1 n—1 n—1
= (" )T )
ii. — (! +ry)(r? + %)
2 1,n—1 1,.n—1 2
=i P et

— 2 — 2 ™ — P = K2 4 4k

Theorem 2.11. (Catalan Identity) For n,r €
N, we have

O 2 2
i Migsr My — M3, = —M3,

i Lo Lo — L2, = (K2 + 4k) M2,

238

N, we have

i My nsiMpnti-
M Mg ntirj=Mp i My g,
Ek,n+i£k,n+j - Kk,nﬁk’nJriJFj
= —(k* + 4k) My, i My ;.

Theorem 2.14. (Halton Identity) For n,,j €
N, we have

Mk,,n+iMk‘,,n—i - Mk,n+ij,n—j

i. 1
= m(ﬁk,zj — Lk 2i),

£k,n+i£k,n—i - Ek,n+j£k,n—j

ii.
= 2L 2n + Li,2i + L 25

Theorem 2.15. (Padilla Identity) For n € N,
we have

3 3
M o + Mg oy — 3My M n 1 My 2

1
R (Mhsnt6 — 3Mp 3n43 + My 3n—3)

+ 3My 2043 — 3Mp g2 + 3Mpng1),
E%,n+2 + Ez,nq — 3Lk nLhn+1Lx 2

= Li3n+6 + 3Lk nt2 + Lisn—3 + 3Lkn-1
+ (K2 + 4k) (=M 3nt3 — 3Mi 1

+ 3M 1 + 3Mp 2n+3).

ii.

Theorem 2.16. (Melham’s Identity) For n €
N, we have

3
M n1 My 2o Mig nre — My,

1
R (M gnt9 — Misn +3Mp n — Mg s

- Mk:m—i—f) - Mk,n-i—?)a

3
Ly 1Lk n+2Lrn+e — Ly = Lk 3n+o
- 3£k,n + Lk,n—?) + £k7n+5 + £k,n+7 - Lk,?)n-

ii.

(© 2024 Journal of Advanced Engineering and Computation (JAEC)
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Theorem 2.17. (Gelin-Cesaro’s Identity) For Thus, we obtain
n € N, we have

- k+ UMy, — My pnq +1
ZMk,s:( +) k, k, 1+ ]

4
M oM np1rMegn—1 Mg o — My, L

1 s=0
= m(—Lk,an — Lionto + Lig
The proofs of the others are shown similarly.

—Lion—2— Lro— Lron-a+ 4Lk 2n — ), )
Theorem 2.21. We obtain

4
Ek,n+2£k,n+1£k,n71£k,n72 - »Ckyn
ii. = Ek,2n+4 + Ek,Zn+2 + Ek‘,ﬁ + Ek',2n—2 + Lk,Q i Z?:O My, 5y = (k+2)]\/fk,2nk+21—-—42k]\/1k,2n—k—2’
+ Lion—a—4Lkon —5

The proofs of Theorem 2.11-2.17 are shown ZM’“ _—

similar way to Theorem 2.10. . 0
ii. s=

In the following theorems, we obtain spe- _ (k? + 4k + 2) My, on 1 — (k + 2) My 2, — 2

cial sum formulas of the k-Quasi Morgan-Voyce k2 + 4k
My, », and k-Quasi Morgan-Voyce-Lucas Ly, se-
quences.

eee n r k+2) Ly on+1—2L k72n+k2+4k
1l Za 0 ~k,2s ( e ]6‘12+4k ?
Theorem 2.20. For n S N, we have

n _ (DM =My n—1+1 (k*+4k4+2) Lk 2nt1—(k+2) Lk 2n
Ds—o Mhs = k :

. n
) 1v. ZS:() Ly 2s41= K244k

.o n _ (k’-’rl)ﬁkm‘—ﬁk,n,]-‘rk
ii. Y0 Lrs = = .
Proof. The proofs of the theorem are shown

Proof. i. From the definition of the k-Quasi similar to "Theorem 2.20.

Morgan-Voyce sequence, the following equations Theorem 2.22 For b,p,7,n € N, and b > r, we

are written: obtain
Mo = (k+2)My 1 — Mo, Yy
Mz = (k+2)My o — My 1, (=1)" Mo bns2ntr

Z < ) k’+2)j/\/1k bntr+js
Jj=

Mk,n = (k + 2)Mk,n71 - Mk,n72'

So, we have
(71)n£k bn+2n+r

n n—1
B ii. "
—1+2Mk,s—(k+2)ZMk7S Z( ) Tk 4 2) Lipnsrids
s=0 s=1
n—2
=D M
s=0 iii. Z?:O Mkz;l;jJrT =
n 1 —
1+ ZMke = (—Mpy — M)k +2) lnﬁ;\jp pn_(F Z/l;llj\/blnun)w + M pngr
k,b—r p k,r)s
+(E+2)> My, "
5=0 z Enbjer _ ! : — (L bnt
" iv. &5V 1—=pLyy +p*p"
- (_Mk:}n - Mk,nfl + Z M/QS) n n+2£ oL _ n+1£
5=0 P ke — DLk bntbgr — D keyb—r).

(© 2024 Journal of Advanced Engineering and Computation (JAEC) 239
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Proof. If Binet formulas, definitions, and geo-
metric series are used, we obtain

> ()

J

k‘ + 2)]./\/1;7C bntrtj

n Tbn+r+j b71,+r+j
-y ( ) ik 4 2)1 1
=0 L —=r2
1 bn+
= (1 — (k +2)rq)"
— = (k+ )
=y (1 (k + 2)r2)"]

(_ 1)n (,r,lm+2n+r
1

bn+2n+r
—Ta )
r —T2

(_1)an:,bn+2n+r

The proofs of the others are shown similarly.

In the following theorems, we give special
generating functions of the k-Quasi Morgan-
Voyce My, ,, and k-Quasi Morgan-Voyce-Lucas
Ly n sequences. In addition, we obtain Binet
formulas of My, , and Ly, , sequences with the
help of generating functions.

Theorem 2.23. The generating functions for
k-Quasi Morgan-Voyce and k-Quasi Morgan-
Voyce-Lucas sequences are given as follows, re-
spectively,

i. m(x)

i U(2) = 3%, Ly 2 =

— S n __ T
- Zn:O Mk,nx - 1—(k+2)x+x2 9

—xk—2x+2
1—(k+2)z+z2 "

Proof. i. The following equations are written
for the k-Quasi Morgan-Voyce sequence:

=2+ (k+2) Z M 1z™

n=2

[eS) [eS)
Z ./\/lkma:" =+ Z ./\/lkmxn
n=0 n=2
S
- Z Mk,n—QIn
n=2

=z+xz(k+2) Z M pz”

n=1

oo

2 P
-z g My nx"

n=0

m(x)
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Thus, we have
x

1—(k+2)z+a?

The proofs of the others are shown similarly.

m(z) =

Theorem 2.24. For My, ,, and Ly, ,, sequences,
the Binet formulas can be obtained with the
help of the generating functions.

Proof. With the help of the roots of the char-
acteristic equation of these sequences, the roots
of the 1 — (k + 2)x + 2? = 0 equation become
1/r1 , and 1/ry. For My, we have
x
1—(k+2)x+a?
1 1 1 1

rlfrgl—rlx

= E ™ el
r —T2
>
r —T2

n=0

re—1To 1l —1rox

oo

E 7"2”.1‘”
7’1 — T2 —
E Mk nx

Similarly, the Binet formula of the sequence
Ly, 5 is found.

Theorem 2.25. For a,b € N, and b > a , we
obtain

i T Mewma” = =52
. S00%, Lipna™ = %
e S i = S

b, b
v ZOO M, bn - e’1” —e2®
. n=0 n! - ri—re

O oo ﬁk,bn n __ rl’m rbm
vi. Yoo Tt = eT 4 e2",

n!

Proof. i. If the Binet formula is used, we get
bn bn
ro" —r
Sy
ML —To

ZM;“W:U
n=0

1 = b, .\n 1 = b, .\n
=1y Z(Tlx) Z(%m)

n=0

JL‘Mk,b

_ 1 1 1 _
_7"1—’1"2 1—7”11793 l—Tgx _1—xC’k’b+x2
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The proofs of the others are shown similarly.

3. Relations between

Special Sequences

In this chapter, we examine the relations of
the k-Quasi Morgan-Voyce sequence with the
Fibonacci, Bronze Fibonacci, Pell, Balancing,
Jacobsthal, Mersenne, Oresme sequences and
k-Quasi Morgan-Voyce-Lucas sequence with the
Lucas, Bronze Lucas, Pell-Lucas, Balancing-
Lucas, Jacobsthal-Lucas, Mersenne-Lucas,
Oresme-Lucas sequences, respectively. In
addition, for special k values, these sequences
are associated with the sequences in OEIS.

Theorem 3.1. For the k = 1,k = 5 values, the
following relations can be written between the
k-Quasi Morgan-Voyce sequence and Fibonacci
sequence F,, k-Quasi Morgan-Voyce-Lucas se-
quence and Lucas sequence L, respectively;

H Fan
i. My, = Fyy, and M5, = =4,
ii. El,n = Lgn and £5,n = L4n.

Proof. i. The Binet formula of the k-Quasi
Morgan-Voyce sequence is

n n k4+24+Vk24+4k\n k+2—Vk2+4k\n
M —_ Ty ( 2 )" —( Pl )
kn r1—"T2 VE24+4k

For k =1 and k = 5, the following relations can
be written:

_ (3-&—2\/5)117(3—2\/5)11 _ (1-}—2\/5)2117(1—2\/5)211

M 75 75
and
7+3V5\n_ (7—3V5\n 14+v5\4n _ 1—v5\4n
M5’n — ( 2 )3\/(5 2 ) — ( 2 ) 3\/(5 2 )
Thus, we obtain
Fy
Ml,n = F2n and M5,n = %

Proof. ii. The Binet formula of the k-Quasi
Morgan-Voyce-Lucas sequence is

n n
Lin=17+13

k+2+Vk?+4k

( kE+2—VE2+ 4k
- 2

2 "

)"+ (
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For k£ =1 and k = 5, the following relations can
be written:

3+V5 3-v5

Lin= G2y B0
e

and
L = (CER B (T205),
LA LI

Thus, we obtain
El,n = Lgn and £5,n = L4n.

Theorem 3.2. For the k = 4 value, the follow-
ing relations can be written between the k-Quasi
Morgan-Voyce sequence and Bronze Fibonacci
sequence p,, k-Quasi Morgan-Voyce-Lucas se-
quence and Bronze Lucas sequence ¢, respec-
tively;

. _ p2
1. ./\/147n = 5",

ii. L4 = q2n.

Proof. The proofs are shown in a similar to
Theorem 3.1.

Theorem 3.4. For the k = 9/4 value, the

following relations can be written between the
k-Quasi Morgan-Voyce sequence and Jacobsthal
sequence J, , k-Quasi Morgan-Voyce-Lucas se-
quence and Jacobsthal-Lucas sequence j,, re-
spectively;

s 1 1

1. M%’n = 5an-1 J4m
s 1 -

11. £%7n = 4TJ47L'

Proof. The proofs are shown in a similar to
Theorem 3.1.

Theorem 3.5. For the k& = 49/8 value, the
following relations can be written between the
k-Quasi Morgan-Voyce sequence and Mersenne
sequence M,,, k-Quasi Morgan-Voyce-Lucas se-
quence and Mersenne-Lucas sequence N,,, re-
spectively;
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: 1 1
L. M% = gn-1 QMGT“

N

i, Lao,, = g Non.

Proof. The proofs are shown in a similar to
Theorem 3.1.

Theorem 3.6. For the k = 4 value, the follow-
ing relations can be written between the k-Quasi
Morgan-Voyce sequence and Balancing sequence
B,, , k-Quasi Morgan-Voyce-Lucas sequence and
Balancing-Lucas sequence C,, respectively;

i. My =D,

ii. L4n=C,.

Proof. The proofs are shown in a similar to
Theorem 3.1.

Theorem 3.7. For the & = 2 value, the follow-
ing relations can be written between the k-Quasi
Morgan-Voyce sequence and Oresme sequence
Oy, , k-Quasi Morgan-Voyce-Lucas sequence and
Oresme-Lucas sequence H,,, respectively;

i Moy = 24" —1)Oy,

ii. Lo, =31(4"+1)H,.

Proof. The proofs are shown in a similar to
Theorem 3.1.

Theorem 3.8. The following relations are pro-
vided for some k values.

i. For k=3, M3, =C, and L3, = D,,
ii. For k = 6,M67n == En and £6,n - an

iii. For kK =6, M7, =G, and L7, = Hy,
Here the C,, D,, E,, F,,G, and H, sequences
are the A004254, A003501, A001090, A086903,

A143325, and A056918 sequences in OEIS,
respectively.

Proof. The proofs are shown in a similar to
Theorem 3.1.
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4. Conclusions

In this paper, we defined the k-Quasi Morgan-
Voyce and k-Quasi Morgan-Voyce-Lucas se-
quences. Then, we found the main features of
these sequences. Also, we examined the rela-
tionships between the terms of these sequences.
We again associated the sum of squares of con-
secutive terms of these series with the sequences.
In addition, unlike the known, we obtained Bi-
net formulas with the help of the generating
functions. We did exercises on the binomial
sum formulas of these sequences. Moreover, we
associated k-Quasi Morgan-Voyce and k-Quasi
Morgan-Voyce-Lucas sequences with Fibonacci,
Bronze Fibonacci, Pell, Balancing, Jacobsthal,
Mersenne, Oresme and Lucas, Bronze Lucas,
Pell-Lucas, Balancing-Lucas, Jacobsthal-Lucas,
Mersenne-Lucas, Oresme-Lucas numbers, re-
spectively. Furthermore, for special values, we
associated these sequences with the sequence of
the OEIS. If this study is examined, such fea-
tures can be found in other sequences such as
Horadam, and Mersenne sequences. Addition-
ally, studies can be done on special transfor-
mations of these sequences such as the Cata-
lan transform of the k-Quasi Morgan-Voyce
and k-Quasi Morgan-Voyce-Lucas sequences and
k-Quasi Morgan-Voyce and k-Quasi Morgan-
Voyce-Lucas quaternions.
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