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Abstract. This paper is on the predic-
tion of stress limits and strain distribu-
tions of an automobile tire sidewall devel-
oped from Natural Rubber (NR)/Tea Seed
Oil (TSO) modi�ed kaolin composites. The
stress-strain data report of NR/TSO modi-
�ed kaolin at �ller loading of 10phr was
used to establish parameters characterizing the
elastic behaviour of the rubber vulcanizates.
The tire model investigated was developed from
MATLAB PDE Toolbox. The study was devel-
oped on maximum in�ation pressure of 0.220632
MPa. The 2D Finite Element (FE) model com-
putations for static loading of the tire sidewall
gave a reasonable prediction of the stress lim-
its and strain distributions, as the shear stresses
obtained were within the range of −10 MPa to
10 MPa. The strain energy distributions were
found to be within the range of −1500 J·m−3 to
1500 J·m−3. The stress limits for the �rst prin-
cipal stress with respect to their magnitudes and
orientations was obtained as 10 MPa for tensile
stress and −20 MPa for compressive stress re-
spectively while the stress limits for the second
principal stress was obtained as 20 MPa for ten-
sile stress and −10 MPa for compressive stress.
The plane stress analysis with MATLAB PDE
Toolbox gave stress limits distribution in terms
of von-Mises stresses in the range 5 MPa � 25
MPa. The results indicate that NR/TSO modi-

�ed kaolin composites can be employed in auto-
mobile tire sidewall applications.
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1. Introduction

Natural Rubber composites application areas
are multifaceted. They can be applied in in-
dustrial areas such as automobiles, aerospace,
industrial machinery and packaging. In automo-
biles, Natural Rubber composites are applied to
vehicle tire sidewalls and tubes, as door seals and
engine seals. In aerospace, they are used in fuel
systems. In other engineering �elds, they have
been applied in conveyor belts, meteorological
balloons and bearings of foundations.

Selection of design materials are based on
functionality, robustness and improved service
delivery. This is of utmost interest to the design
engineers. Failure predictions are undertaken for
isotropic materials subjected to uniaxial stress.
This is to ensure that uniaxial stresses applied
on the material do not exceed the ultimate
strength of the materials as speci�ed in material
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data sheets, material design handbooks and ma-
terial selector software. Some serving materials
which are subjected to multi-axial stress states
require more sophisticated methods to predict
failure.

Several authors have published research re-
sults on failure prediction using various failure
theories. Sadek and Olson [1] worked on new
models for prediction of high cycle fatigue fail-
ure based on highly loaded regions in multi-axial
stress conditions.

Gross and Ravi-Chandar [2] published their
results on prediction of ductile failure using a
local strain-to-failure criterion. In their study,
details of predictive simulations performed in
response to the 2012 Sandia Fracture Chal-
lenge were reported and the modi�ed Johnson-
Cook failure criterion partially calibrated with
material data obtained from tension test and
compact-tension fracture test were employed in
a FE simulation to perform a blind prediction
of the failure behaviour of the Sandia Fracture
Challenge geometry. Mohotti et al. [3] pro-
posed a strain rate dependent constitutive ma-
terial model to predict the high strain rate be-
haviour of polyurea. They considered the nine
parameters Mooney-Rivlin constitutive material
model as the base model in deriving the rate
dependent material model which was validated
using a high strain material data for polyurea.

Ihueze et al. [4] applied Distortion Energy
Theory (DET) implemented with ANSYS soft-
ware to predict failure of plantain composites
subjected to multi-axial stress state.

Crawford [5] reported the various failure the-
ories on maximum stress criterion, maximum
strain criterion and Tsai-Hill criterion as appro-
priate for predicting failure of composite mate-
rials.

Previous studies clearly indicate that predic-
tion of the onset of failure is more important
than the knowledge of the ultimate strength of
the material. The FE Analysis is applied in solv-
ing material models that capture the material
properties and their external in�uences. A thor-
ough knowledge of the underlining concepts gov-
erning orthogonal stresses, principal stresses and
shear stresses of the multi-axial stressed material

as shown in von Mises stress theory is required
to predict the yield of material.

Theoretical stress-strain relation that �ts ex-
perimental results for hyperelastic materials
have been developed by many authors [6], [7],
[8], [9], [10] and [11]. Mooney [12] was among
the early authors that proposed a phenomeno-
logical model with two parameters based on the
assumptions of a linear relationship between the
stress and strain during simple shear deforma-
tion. Treloar (1958) developed the neo-Hookean
material model which is based on the statistical
theory with only one material parameter which
was proved to be a special case of the Mooney
model. Earliest developments of the nonlinear
hyperelastic theory and its applications relied
mostly on Mooney and neo-Hookean strain en-
ergy functions [13], [14], [15] and [16].

In this paper, the application of Finite Ele-
ment Method (FEM) in the prediction of elastic
limits for automobile tire sidewall was investi-
gated. This was achieved using elliptical par-
tial di�erential equation under dirichlet bound-
ary conditions implemented on MATLAB. The
analysis is aimed at studying the performance
and functionality of Natural Rubber/Tea Seed
Oil modi�ed kaolin nanocomposites which were
developed for vehicle tire sidewall applications.

2. Methodology

2.1. Materials and Data

The materials and data used in this work were
based on the uniaxial test results obtained from
replicated samples of natural rubber/tea seed
oil modi�ed kaolin nanocomposites (NR/TSO).
The method used in the organomodi�cation pro-
cess of the kaolin and compounding of the Natu-
ral Rubber composites were reported in [17], [18]
and [19]. Tensile test result for �ller content at
10 phr is shown in Fig. 1. The material proper-
ties characterizing the NR/TSO modi�ed kaolin
composites were obtained from the stress-strain
data as shown in Tab. 1.
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2.2. Finite Element Analysis
Using MATLAB PDE
Toolbox

The PDE Toolbox in MATLAB can solve Partial
Di�erential Equations that emanates from en-
gineering applications which are domain based
and have complex geometries that can be dis-
cretized on unstructured meshes. The PDE
Toolbox in MATLAB can handle all 2D prob-
lems and it also provides an adaptive mesh re-
�nement algorithm for elliptic and nonlinear el-
liptic PDE problems. The FEA is implemented
in MATLAB PDE Toolbox using the elliptical
PDE equation under dirichlet boundary condi-
tion.

−∇ · (c∇u) + au = �nΩ, (1)

where ∇ is the vector (∂/∂x, ∂/∂y), and c is a 2-
by-2 matrix function on Ω. The bounded planar
domain of interest c, a, and f can be complex
valued functions of x and y.

For nonlinear elliptic PDE, the nonlinear
Newton solver is available for solutions, it is ex-
pressed as:

−∇ · (c(u)∇u) + a(u)u = f(u), (2)

where the coe�cients de�ning c, a, and f can
be functions of x, y, and the unknown solution,
u. All the solvers can address the PDE system
with multiple dependent variables:

−∇ · (c11∇u)−∇ · (c12∇v) + a11u+ a12v = f1,
(3)

−∇ · (c21∇u)−∇ · (c12∇v) + a21u+ a22v = f2.
(4)

The major advantage of PDE Toolbox is the
simplicity and ease in performing 2D FEA which
includes the calculation of stress limits obtained
as von Mises stresses, orthogonal stresses etc.
with shorter computation time. The PDE Tool-
box follows the following simple steps for solving
equations:

• Draw the domain using the draw tool in the
Graphical User Interface (GUI).

• Set up the appropriate boundary condi-
tions.

• De�ne the governing equations.

• Generate the mesh.

• Discretize the equations and solve on the
mesh.

• Plot the results.

The GUI helps the user get through with these
steps.

2.3. Failure Computations

The failure analysis for static loading can be
summarized for a two-dimensional planar ma-
terial with the following sets of equations. The
stress tensor for a 2D case is expressed as:[

σxx τxy
τyx σyy

]
, (5)

where σxx, σyy are the normal stresses; τyx, τxy
are the shear stresses that act in the direction
parallel to x and y axis.

The strain for 2D case is expressed in matrix
form as: [

εxx εxy
εyx εyy

]
, (6)

where ε stands for shear strain as represented by
their dual subscripts. For a 2D stress state, the
principal stress is expressed as:

σ1, σ3 =
σx + σy

2
±

√(
σx − σy

2

)2

+ τ2xy, (7)

σ2 = 0, (8)

τmax = τ13 =
|σ1 − σ3|

2
. (9)

Von Mises E�ective stress as implemented for
a 2D case is either expressed as:

σ′ =
√
σ2
1 − σ1σ3 + σ2

3 , (10)

or

σ′ =
√
σ2
x + σ2

y − σxσy + 3τ2xy. (11)

The strain-displacement relationships which
are also determined by the FE solver are ex-
pressed as:

εx =
∂u

∂x
, εy =

∂v

∂y
. (12)
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The MATLAB PDE Toolbox can solve 2D FE
problems and it also o�ers an adaptive mesh
re�nement algorithm for elliptic and nonlinear
elliptic PDE problems. In this study, we em-
ploy the MATLAB PDE Tool for elliptical equa-
tion under dirichlet boundary condition to eval-
uate structural mechanics plane stresses and the
strain distributions. The FEA was executed to
predict the stress limits points and strain distri-
butions using elliptical PDE mode on MATLAB.

In this study, the following were assumed for
the tire sidewall investigated:

• Only the 2D view of sidewall was consid-
ered.

• Static analysis was performed for the
NR/TSO modi�ed kaolin composites used
as tire material.

• The tire thread and other ply reinforce-
ments were not considered.

• The maximum in�ation pressure of
0.220632 MPa for vehicle tire size of
P195/55 R16 85H was used in the analysis.

• The applied in�ation pressure is assumed to
be deformation-dependent so that the pres-
sure always remains normal to the tire in-
ternal surface.

• The tire contact surface is assumed friction-
less surface in this analysis.

The ISO Metric tire designation for the tire
size P195/55 R16 85H investigated is as fol-
lows:

P: Passenger tire,

195: Nominal Section Width (measured in mil-
limeters),

55: Aspect Ratio (ratio of the height of the tire's
cross section, to its width),

R: Carcass construction (R for Radial),

16: Rim Diameter (measured in inches),

82: Load Rating (Service Description, from
Load Index table = 515 Kg),

H: Speed Rating (Service Description, from
Speed Symbol table = 210 km·h−1).

2.4. FEA of Tire Sidewall

Tire sidewall Geometry

The NR/TSO modi�ed kaolin composites de-
veloped for automobile tire sidewall was found
to be hyperelastic with very large deformation
upon loading as shown in Fig. 1. The 2D tire
sidewall model was developed using draw tool of
MATLAB PDE Toolbox as shown in Fig. 2 and
it takes into consideration all the details on the
tire size following the standard ISO Metric tire
designation for the tire size P195/55 R16 85H as
shown in Tab. 2. The 2D meshed tire sidewall
model has 278 nodes and 448 triangle elements.

 
Fig. 1: Natural Rubber/Tea seed oil modi�ed kaolin

composites.

 

 

Fig. 2: Tire sidewall mesh showing 3672 nodes and 6912
triangle elements.
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Tab. 1: Material properties of NR/TSO modi�ed kaolin
composites.

Property Value
Elastic modulus, E 0.0207 MPa

Density, ρ 1974 kg·m−3

Poissons ratio, v 0.47
In�ation pressure, Pi 0.220632 MPa

Tab. 2: Tire geometry speci�cation for a P195/55 R16
85H.

Speci�cation Dimension (mm)
Sectional width 195
Rim diameter 410
Outer diameter 624

1) Boundary Conditions

A maximum in�ation pressure of 0.220632 MPa
was applied on the internal surface of the tire in
line with the dirichlet boundary condition.

2) Numerical Analyses

The FEA was performed using MATLAB Partial
Di�erential Equation Toolbox based on struc-
tural mechanics, plane stress analysis on the 2D
tire sidewall model.

3) Mesh Convergence Analysis

To quickly approximate the best results and save
considerable computation time, a mesh conver-
gence analysis was conducted. A total of �ve
mesh re�nements were considered for the tire
model. The von mises stress, shear stress and
principal stresses were compared for each mesh
re�nements, starting from the less dense re�ne-
ment to the densest re�nement using the same
material de�nition for all elements. Table 3
shows the results obtained for the mesh conver-
gence analysis and Fig. 3 is the mesh conver-
gence plot showing the point of convergence of
the elements. Mesh model IV with number of
nodes 3672 and elements 6912 was chosen for
the FE analysis due to its convergence.

Tab. 3: Results generated from the mesh convergence
analysis.

Model
Number

Number
of Nodes

Number
of Elements

Von
Mises

Shear
stress

I 81 108 16.5 8
II 270 432 24 10
III 972 1728 25 15
IV 3672 6912 30 15
V 14256 27648 30 15
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Fig. 3: Mesh Convergence Plot.

3. Results and Discussions

3.1. Shear (Tangential) Stress

The shear stress of the tire sidewall is devel-
oped in a direction parallel to the surface on
which it acts. The shear stresses are developed
within a body when various layers of material
tend to slide with respect to each other [20].
As the tire is in�ated to a maximum pressure
of 0.220632 MPa internally, the sidewall o�ers
resisting forces which tend to oppose the in�a-
tion pressure within the tire sidewall. This re-
sisting force constitutes the shear stresses which
are distributed radially over the sidewall geom-
etry. Figure 4 shows the plot of shear stresses
of the tire sidewall. A maximum shear stress of
15 MPa obtained for the tire sidewall is situated
at the rim area and near the tire thread area.
The shear stress o�ers support and traction to
the tire.
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Fig. 4: Plot for Shear stress of the tire sidewall.

3.2. Principal Stresses

The �rst and second principal stresses are an im-
portant design criterion used to evaluate struc-
tural failures. The magnitudes and orientations
of the principal stresses are very important in
failure analysis. Figure 5 and Fig. 6 depict the
plots of the �rst and second principal stresses re-
spectively. The stress ranges for the �rst princi-
pal stress with respect to their magnitudes and
orientations are obtained as 10 MPa and −25
MPa respectively while the stress ranges for the
second principal stress are obtained as 25 MPa
and −10 MPa. The locations of the stresses for
this static analysis which was found to be situ-
ated around the rim area and the tire thread
area contact with the ground within the tire
sidewall are very critical for the designer to de-
sign against failure and plan for containment to
avoid catastrophic failure. 

 

 

 

 
 

 
Fig. 5: Plot of the First principal stress.

 

 

 

 

 
 

 

 Fig. 6: Plot of the second principal stress.

3.3. Von Mises
(Huber-Henky-Von Mises)
Stress

The von Mises stress is an e�ective stress that
represents the stress situations involving com-
bined tensile and shear stresses. In this study,
the von Mises stress was evaluated to be in the
range of 5 to 30 MPa. With predominant values
of 15 � 20 MPa located on the periphery of the
sidewalls.

 

 

 

 

 
 

 

 

 
Fig. 7: Plot of von Mises Stress.

4. Conclusion

MATLAB PDE Tool was employed in the pre-
diction of stress limits and strain distributions
of a 2D vehicle tire sidewall developed from
NR/TSO modi�ed kaolin for P195/55 R16 85 H
pneumatic tire subjected to static loading. From
the present study, the following conclusions were
made:
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• Static analysis performed in this study of-
fered a good analytical evaluation of the
tire material studied and is recommended
for the use in tire design.

• The MATLAB PDE Toolbox can e�ectively
be used in 2D FEA of structures.

• The Stress-Strain results of NR/TSO mod-
i�ed kaolin composites is hyperelastic at 10
phr.

• Von Mises stresses were evaluated to be in
the range 5 MPa � 30 MPa.

• The stress limits for the �rst principal stress
with respect to their magnitudes and orien-
tations are obtained as 10 MPa (tensile) and
−25 MPa (compressive) respectively while
the limit stresses for the second principal
stress are obtained as 25 MPa (tensile) and
−10 MPa (compressive) and as such the
material is safely speci�ed with load range
of von Mises, 5 MPa � 25 MPa.

• The shear stress was evaluated to be in the
range 15 MPa for tensile and −15 MPa for
compressive stresses.
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